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ABSTRACT. A notion of curvature is introduced in multivariable operator theory 
and an analogue of the Gauss-Bonnet-Chern theorem is established. Applications 
are given to the metric structure of graded ideals in C[zi,. . ., z d ], and the existence 
of “inner” sequences for closed submodules of the free Hilbert module H 2 (C d ). 
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Introduction. 

Let T = (Ti,..., T ( i) be a d-tuple of mutually commuting operators acting on a 
common Hilbert space H. T is called a d-contraction if 

||Ti£i + --- + T d £ d || 2 < ||£ 1 || 2 + --- + ll£d|| 2 
for all £i,... E H. The number d will be fixed throughout this paper, and of 
course we are primarily interested in the cases d > 2. Let A = C[zi,..., z d ] be 
the complex unital algebra of all polynomials in d commuting variables Zi,... ,z d - 
A commuting d-tuple T\,... ,T d of operators in the algebra 13(H) of all bounded 
operators on H gives rise to an A-module structure on H in the natural way, 

= T d )C, f E A, £Eid; 

and (Ti,... ,T d ) is a d-contraction iff id is a contractive A-module in the following 
sense 

_ \\ziti + • • • + z d u\? < II6II 2 + • • • + HU 2 
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for all £ 1 ,..., £<f G id. Thus it is equivalent to speak of ri-contractions or of con¬ 
tractive Hilbert A-modules, and we will shift from one point of view to the other 
when it is convenient to do so. 

For every d-contraction T = (Tf,. .., T ( jj we have 0 < dj T* + • • • + T f iT* < l ; 
and hence 

(0.1) A = (1 - T X T* - T d T d ) 1/2 

is a positive operator on id of norm at most one. The rank of T is defined as the 
dimension of the range of A. Throughout this paper we will be primarily concerned 
with finite rank d-contractions (resp. finite rank contractive Hilbert A-modules). 

We introduce several numerical invariants for finite rank contractive A-modules 
id, the principal ones being the curvature invariant the Euler characteristic 

X (H), and the degree deg (id). All of these quantities are real numbers (indeed, 
most are integers), and we develop their basic properties. 

We now describe the main results of this paper, starting with a sketch of the 
definition of the curvature invariant I\(H). Let id be a finite rank contractive 
Hilbert A-module with associated d-contraction (Tf,..., T d ). For every point z = 
(zi ,..., z d ) in complex d-space C d we form the operator 

(0.2) T(z) = ziTd + • • • + z d T d G 13(H), 

Zk denoting the complex conjugate of the complex number Zk- Notice that the 
operator function z i—> T(z) defines an antilinear mapping of C d into B(H ), and 
since (Tf,..., Td) is a d-contraction we have 

|jd n (^)|| < \z\ = (|^i| 2 H-1- l^dl 2 ) 1 ^ 2 

for all z G C d . In particular, if z belongs to the open unit ball 

B d = {z G C d : \z\ < 1} 

then ||T(z)|| < 1 and hence 1 — T(z) is invertible. Thus for every z G Bd we can 
define a positive operator F(z) acting on the finite dimensional Hilbert space AH 
as follows, 


F(z)i = A(1 - T(z)*)-\1 - T(z))- 1 AC, £ G Aid. 

We require the boundary values of the real-valued function z G B d e-> trace F(z), 
which exist in the following sense. Let dB d = {z £ C d : \z\ = 1} be the unit sphere 
in and let a be normalized surface measure on dBd. 

Theorem A. For a-almost every Q G dB d , the limit 

d<o(C) = hm(l — r 2 )traceF(r() 

r*t 1 

exists and satisfies 0 < ido(C) A rank(H). 

Theorem A is proved in section 4. We define the curvature invariant by inte¬ 
grating K 0 over the sphere 

K(H) = [ 

JdB d 


(0.3) 


K 0 (C)da(C). 
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Obviously, K(H ) is a real number satisfying 0 < K(H) < rank (H). 

We now define the Euler characteristic x(H) °f a finite rank contractive A- 
module H. x(H) depends only on the algebraic structure of the following A- 
submodule of H: 

M h = span {/ AH}. 

Notice that we have not taken the closure in forming Mr. Note too that if r = 
rank (H) and Ci,...,C r is a linear basis for AH, then Mh is the set of “linear 
combinations” 

Mr = {/i • Ci + ''' + fr ' Cr '■ fk € ^4}- 

In particular, Mr is a finitely generated H-module. 

It is a consequence of Hilbert’s syzygy theorem for ungraded modules (cf. Theo¬ 
rem 182 of [ 18 ] or Corollary 19.8 of [ 14 ]) that Mr has a finite free resolution; that 
is, there is an exact sequence of H-modules 

( 0 . 4 ) 0 —► F n —>■■■—> F 2 —> F\ —> Mr —► 0 

where Fp. is a free module of finite rank /3k, 

F k = A © • • • © A . 

'-V-' 

/3fc times 


The alternating sum of the “Betti numbers” of this free resolution 

n 

E(-!) fc+1 A 

k =1 

does not depend on the particular finite free resolution of Mr, and hence we may 
define the Euler characteristic of H by 

n 

(0-5) X {H) = ]T(-l) fc+1 /3 fc , 

k =1 

where /3k is the rank of Fk in any finite free resolution of Mr of the form (0.4). 

One of the more notable results in the Riemannian geometry of surfaces is the 
Gauss-Bonnet theorem, which asserts that if M is a compact oriented Riemannian 
2-manifold and 

K : M -> R 

is its Gaussian curvature function, then 

(0.6) f KdA = (3 0 - (3, + (3 2 

^ Jm 

where (3k is the £:th Betti number of M. In particular, the integral of K depends 
only on the topological type of M. This remarkable theorem was generalized by 
Shiing-Shen Chern to compact oriented even-dimensional Riemannian manifolds in 
1944 [6], 

We will establish the following result in section 6, which we view as an analogue 
of the Gauss-Bonnet-Chern theorem for graded Hilbert H-modules. By a graded 
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Hilbert A-module we mean a pair (H,T) where id is a (finite rank, contractive) 
Hilbert A-module and T:T—>£> (id) is a strongly continuous unitary representation 
of the circle group such that 

r(A)r fc r(A )- 1 = a T k , k = 1,2,..., d, A e t, 


T\,.... T d being the d-contraction associated with the module structure of id. Thus, 
graded Hilbert A-modules are precisely those whose underlying operator d-tuple 
(Ti,... ,T d ) possesses circular symmetry. T is called the gauge group of id. 

Theorem B. Let id be a graded (contractive, finite rank) Hilbert A-module for 
which the spectrum of the gauge group is bounded below. Then K{H ) = x(H), and 
in particular K(H) is an integer. 

We remark that the hypothesis on the spectrum of the gauge group is equivalent 
to several other natural ones, see Proposition 6.4. Theorem B depends on the 
following asymptotic formulas for K(H ) and x(H), which are valid for finite rank 
contractive Hilbert A-modules, graded or not. For such an H, let (Ti,..., T d ) be its 
associated d-contraction and define a completely positive normal map <f : B(H ) —> 
B(H) by 

fi{A) = TiATf -\ -+ T d ATl 

Since H is contractive and finite rank, 1 — </>(l) is a positive finite rank operator, 
and a simple argument shows that 1 — (f> n (l) is a positive finite rank operator for 
every n = 1 , 2 ,.... 

Theorem C. For every contractive finite rank Hilbert A-module H, 


x(H) = d! lim 

n —»oo 


rank (1 — fi n+ 1 (l)) 
n d 


Theorem D. For every contractive finite rank Hilbert A-module H , 


K{H) 


d! lim 

n —kx> 


trace (1 - </> n+ 1 (l)) 
n d 


Theorems C and D are proved in sections 3 and 5. The number K(H) is actually 
the trace of a certain self-adjoint trace-class operator dT, which exists for any finite 
rank contractive Hilbert module. While the trace of this operator is therefore always 
nonnegative, it is noteworthy that dT itself is never a positive operator. Indeed, 
we have found it useful to think of dT as a higher dimensional operator-theoretic 
counterpart of the differential of the Gauss map 7 : M —► S 2 of an oriented 2 - 
manifold M C R 3 (cf. [9], pp 136-146). We have glossed over some details in order 
to make the essential point; see section 5 for a more comprehensive discussion. In 
any case, the formula 

A"(id) = trace dT 

is an essential component in the proofs of Theorems B and D (see Theorem 5.13 et 
seq). 

These results have concrete implications about the invariant subspaces of id 2 
and the algebraic structure of graded ideals in the polynomial algebra C[zi,..., z d ]. 
The applications are discussed in section 8 , and are briefly summarized as follows. 
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The dilation theory described in section 1 implies that for every closed submodule 
M of the free Hilbert module H 2 , there is a (finite or infinite) sequence $ = 
{4>i, (f>2, ■ ■ ■} of multipliers of H 2 whose associated multiplication operators M ( j >n 
satisfy 

(0.9) P M = + ..., 

Pm denoting the orthogonal projection of H 2 on M. Every multiplier f can be 
regarded as a bounded holomorphic function defined on the open unit ball B d = 
{ 2 GC <i :| 2 ;|<l} and has a radial limit function <f : dB d —> C defined almost 
everywhere (da) by 

c f>(z ) = lim 4>(rz), z € 8B d . 

r—> 1 

Formula (0.9) implies that the boundary values satisfy | ^n(-s )| 2 < 1 almost 
everywhere on 8B d , and $ is called an inner sequence if we have equality 

£iLmi 2 = i 


almost everywhere on dB d . 

In dimension d = 1, a familiar theorem of Beurling implies that there is a single 
multiplier cj) which satisfies Pm = and such a multiplier must be an inner 

function. By contrast, in dimension d > 2, there may be no single multiplier cj) 
satisfying Pm = M^MP, indeed, in most cases the sequences {<f\, ^> 2) • • • } of (0.9) 
are necessarily infinite (see the corollary of Theorem F below). Moreover, we do 
not know if these infinite sequences associated with M are inner in general. This 
problem is associated with the fact that in dimension d > 2 the canonical operators 
Si,..., S,i associated with PI 2 do not form a subnormal d-tuple, and are not usefully 
related to the L 2 space of any measure. Making use of the curvature invariant and 
a theorem of Auslander and Buchsbaum on the vanishing of the Euler characteristic 
of finitely generated modules over polynomial rings, we establish the following result 
which appears to cover many cases of interest. 

Theorem E. Let M be a closed submodule of H 2 which contains a nonzero poly¬ 
nomial. Then every sequence of multipliers <J> satisfying (0.9) is an inner sequence. 

Let / be an ideal in C[^i,..., zj\. Hilbert’s basis theorem implies that there is a 
finite set of elements ,..., 4> r G / which generates I in the sense that 


1 = {/l • 01 d-h fr ■ 4>r : fk e C[zi,.. .,z d }}. 


If / is graded in the sense that it is spanned by its homogeneous polynomials, then 
one can find a set <fi,(j> r of generators such that 

(0.7.1) each f>k is a homogeneous polynomial of some degree n^, and 
(0.7.2) {</>i,..., cf> r } is linearly independent. 

Of course, systems of generators satisfying the conditions (0.7) are by no means 
unique. 

We want to relate sets of generators of graded ideals to the natural norm on 
C[zi,..., z d \, obtained by restricting the Hilbert space norm on H 2 to polynomials. 
To do that effectively we must consider infinite generators. Let $ be a (perhaps 
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infinite) linearly independent set of homogeneous polynomials in a graded ideal I 
which is contractive in the sense that whenever 0 i,..., 0 r are distinct elements of 
$ and /i,..., f r G C[zi,..., Zd] we have 

||/l • 01 + ' ' ' + fr • 4>r || 2 < II/ill 2 + • • • + ||/r|| 2 - 

One can scale down any set <i> of polynomials so as to achieve this condition. A 
set $ satisfying the above conditions is said to be a metric basis for I if every 
polynomial g of degree n in I can be represented as a sum g = f i ■ +••• + f r ■ fir 

where and 0 i,..., 0 r are as above and, in addition, satisfy 

( 0 . 8 . 1 ) deg f k + deg fi k < n, k = 1 ,..., r, and 

( 0 . 8 . 2 ) Hull 2 = IIAII 2 + ••• + ll/rll 2 - 

Condition (0.8.1) controls the degrees of rbi,..., fi r and (0.8.2) asserts that the 
norms of /i,..., f r are as small as the contractive hypothesis allows. 

In section 8 we show that every graded ideal in C[zi,..., zfi has a metric basis, 
that the elements of a metric basis are mutually orthogonal, and that any two 
metric bases are equivalent in a natural sense. Thus, by giving up the requirement 
of finite generation of ideals, one obtains a uniqueness result for infinite generators 
satisfying ( 0 . 8 . 1 ) and ( 0 . 8 . 2 ). 

Let = {0i, 02 , • • ■ } be a metric basis for a graded ideal I in the polynomial 
algebra C[zi,... ,Zd], and let a be the natural measure on the unit sphere dBd C C d . 
Theorem E implies that for er-almost every point ( € dBd we have 

ElWOl’-i. 


One cannot expect the preceding “almost everywhere” equation to hold everywhere 
on the unit sphere. Indeed, if 

V = {z € C d : 0i (z) = 0 2 (z) = • • • = 0} 

is the variety of common zeros of the polynomials fik (i.e., the zero set of the 
ideal I) then, since each fi k is a homogeneous polynomial, V is invariant under 
multiplication by positive scalars. So whenever V contains something other than 
(0,0,..., 0) it must intersect the unit sphere in C d , and in that case V (~l dBd is a 
nonvoid compact set of measure zero on which the 0^ all vanish. 

The following result implies that a finite generating set for a graded ideal cannot 
be a metric basis except in a few insignificant cases. 

Theorem F. Let I be a graded ideal in C[zi,..., zfi whose metric basis is a finite 
set {0i,..., fin}. Then I is of finite codimension in C[zi,..., Zd] and each of the 
canonical coordinates z \,..., Zd is nilpotent modulo I. 

Given any finite rank (contractive) Hilbert module H over C[zi,..., Zd] and a 
closed submodule K C H, then both K and its quotient H/K are contractive 
Hilbert modules. It is quite easy to see that rank H/K < rank H , and hence 
H/K is also of finite rank. However one does not have control over the rank of the 
submodule K. Indeed, Theorem F has the following consequence, which stands in 
rather stark contrast with the assertion of Hilbert’s basis theorem. 
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Corollary. Let K be a (nonzero, closed) graded submodule of the free Hilbert mod- 
ule H 2 which is of infinite codimension in H 2 . Then rank K = oo. 

We end the paper with a discussion of some examples that serve to illustrate 
the properties of the invariants described above. In particular, we show that any 
variety in complex projective space P d_1 gives rise to a pure graded rank-one Hilbert 
C[zi,..., z d ]-module, and for some of these examples we compute all invariants in 
explicit terms (see section 9). 

This work was initiated in order to obtain numerical invariants for normal com¬ 
pletely positive maps of 13(H). Notice that all of the invariants introduced in this 
paper depend only on the properties of the map <f : 13(H) —> 13(H) 

(0.10) <t>(A) = TiATf + • • • + T d ATf 

associated with the canonical operators Tf,... ,T d of the C[zi,..., z,i]-module struc¬ 
ture. Indeed, Theorems C and D express y(H) and K(H) explicitly in terms of 
4>, and Proposition 7.5 does the same for the secondary invariants deg(H), n(H). 
Thus these numbers are actually invariants of certain completely positive maps 
f : 13(H) —> 13(H). To be sure, not every weakly continuous completely positive 
map of 13(H) has the form (0.10) (with commuting operators T %). Thus there re¬ 
mains an important question concerning the extent to which these results can be 
generalized to the case of noncommuting d-tuples of operators and their completely 
positive maps. Ultimately, there is an associated problem of finding new numeri¬ 
cal invariants for noncommutative dynamics, that is, for semigroups of completely 
positive maps of 13(H) and their relatives, Fo-semigroups. Until now, we have had 
only the index [2] and the geometric structures constructed in [3]. 

1. Free Hilbert modules and dilation theory. 

The algebra of polynomials C[zi,..., z d ] in d commuting variables (which we will 
abbreviate by A whenever it does not lead to confusion) has a natural inner product 
which can be defined in several ways. Here, we define this inner product in terms 
of the relation that exists between C[zi,..., z,f\ and the symmetric Fock space. Let 
T + (E) be the symmetric tensor algebra of a d-dimensional complex vector space 
E. Writing E n for the symmetric tensor product of n copies of E for n > 1 (with 
E° defined as C) one finds that the algebraic direct sum of vector spaces 

T + (E) = E° + E 1 + E 2 + ... 

is a commutative algebra with unit with respect to the multiplication defined by 
symmetric tensoring. It has the following universal property: any linear mapping 
L : E —> B of E into a unital commutative complex algebra B extends uniquely 
to a unital homomorphism of complex algebras L : T+(E) —> B. In particular, if 
we choose a linear basis e\,... ,e d for E then there is a unique homomorphism of 
unital algebras a : T + (E) —> C[zi,..., z d \ defined by a(efe) = Zk for k = 1, 2 ,... ,d, 
and of course in this case a is an isomorphism which we can use to identify T + (E) 
with C[zi ,... ,z d ] if we wish. 

If we now fix an inner product on the one-particle space E then E becomes a 
finite dimensional Hilbert space, and so does the tensor product E® n of n copies of 
E for every n = 2,3,.... Since the symmetric space E n is a subspace of E® n for 
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every n > 1 it follows that E n is naturally a Hilbert space; and for n = 0 we take 
the usual inner product on E° = C, (z,w) = zw. Thus, the algebraic direct sum 

T+(E) =C ® E 1 ® E 2 ® ... 

becomes an inner product space, which is dense in the symmetric Fock space over 
the Hilbert space E. 

Now we transport the inner product on T + (E) to an inner product on polyno¬ 
mials by picking an orthonormal basis e\ ,..., for E , and identifying T + (E) with 
C[zi,..., Zd] by identifying ej ; with Zk as above. The completion of the polynomials 
in this inner product is a Hilbert space we denote by H 2 (C d ) or simply H 2 when, 
as will normally be the case, the dimension d is fixed. 

The elements of H 2 can be realized as certain holomorphic functions in the open 
unit ball 


Bd — {z — (z\, ..., Zd) £ C d : \z\ — (|zi|^ + • • • + | Zd\ 2 ) 1 / 2 < 1} 
which satisfy the following growth condition near the boundary 


l/(*)l < 




z E Bd- 


We refer the reader to part I of [1] for other characterizations of this Hilbert norm 
on polynomials and for a development of the function-theoretic properties of the 
space H 2 . Here, we summarize a few of its basic features. For every a E Bd the 
function u a : Bd —> C defined by 


1 


Un,(Z) = 


\z\<l 


1 — (z, a) 

belongs to H 2 \ H 2 is spanned by {u a : a E Bd} and for every a,/3 E Bd we have 

1 


( 1 . 1 . 2 ) 

We also have 


(u a ,Up) ~ 1 _^ a y 

(f,u a ) = f(a ), feH 2 . 


\\zifi + ■ ■ ■ + Zdfd \\ 2 < ||/i|| 2 + • • • + ||/d|| 2 

for every j \,..., fd € H 2 , so that in fact H 2 is a contractive Hilbert H-module. 
The d-tuple of operators S\,..., Sd obtained by multiplying by the d coordinate 
functions define a d-contraction on H 2 . This d-contraction is called the d-shift in 
[ 1 ], and it has the property 

(1.2) S^l + • • • + S d S* d = 1 - E 0 

where E$ denotes the projection of H 2 onto the one-dimensional space of constant 
functions. Using the terminology introduced in the introduction, H 2 is a contractive 
Hilbert H-module of rank one (the rank of Hilbert modules is defined later in this 
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section). The Hilbert A-module H 2 will occupy a central position throughout this 
paper. 

We work with the category whose objects are contractive Hilbert modules over 
the algebra A = C [zd, ■ ■ ■ ,Zd] of polynomials, and we will refer to such modules 
simply as Hilbert A-modules. Given two such modules Hi, H 2 , horn (Hi, H 2 ) will 
denote the convex set of all operators A € B{H\, H 2 ) which are contractions (||A|| < 
1) and which intertwine the respective module actions, A(f •£) = /• A£, £ G H\. 
Notice that an isomorphism in horn (id), H 2 ) is necessarily a unitary operator that 
intertwines the module actions, and when such an operator exists we say that Hi 
and H 2 are isomorphic and write Hi = H 2 . 

There are natural notions of (closed) submodule and quotient module in this cat¬ 
egory. A closed submodule K of a contractive Hilbert A-module H is a contractive 
Hilbert module. The quotient H/K is of course a Banach space whose norm arises 
from an inner product on H/K ; thus H/K is also a contractive Hilbert A-module. 

In more explicit operator-theoretic terms, let Tj, ... , be the canonical opera¬ 
tors associated with the Hilbert A-module H defined by T = Zk £, £ G H. Given 
a closed submodule K C H, the operators T),..., T (2 can be compressed to the 
coinvariant subspace K C H to obtain a d-contraction T\,.. ,T ( j which acts on 
1W as follows 

TkJl = P K z T d 'ri, »] G A' 1 , 

Pk 1 - denoting the orthogonal projection of H on K 2 -. One finds that the Hilbert 
A-module structure on K 2 - defined by T)..... T d is isomorphic to the Hilbert A 
module structure of the quotient H/K. 

The Hilbert module point of view has been emphasized by Douglas and Paulsen 
in their work on representations of function algebras [12]. Significantly, the most 
important d-contractions cannot be dilated to normal d-contractions because of 
the failure of the von Neumann inequality for the unit ball in C d (see [1, theorem 
3.3]). It follows that contractive Hilbert A-modules cannot be profitably related to 
function algebras, and one must give up the idea of working with normal dilations. 
Instead, one seeks to relate Hilbert A modules to H 2 and multiples of H 2 . This 
dilation theory was worked out in [1], and is very effective for the category of 
(contractive) Hilbert A-modules. The purpose of this section is to reformulate 
those operator-theoretic results so that they are closer to the homological spirit of 
the central issues of this paper. 

Suppose we are given a submodule K C M of a Hilbert A-module M. The 
Hilbert modules H which are isomorphic to the quotient M/K are precisely those 
for which there is an exact sequence of Hilbert A-modules 

0 —> I< —* M —> H —► 0 
u 

where the connecting map U is a coisometry, i.e., UU* = 1 h- This leads us to an 
important notion. 

Definition 1.4. Let H be a Hilbert A-module. A dilation of H is an exact sequence 
of Hilbert A-modules 

M —> H —► 0 

u 

where U is a coisometry. 

Notice that the kernel of U is left unspecified in this definition. Two dilations 
Mfc —» H —> 0, k = 1,2 are said to be equivalent if there is an isomorphism 
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W : Mi —* M 2 of Hilbert H-modules such that U 2 W = U\. There is no uniqueness 
of dilations in this generality. Indeed, if M H —» 0 is any dilation of H and 

N is an arbitrary Hilbert H-module, then we can construct an essentially different 
dilation 

(1.5) M®N — >H —>0 

v 

by taking V to be the unique operator from M © iV to H which restricts to U on 
M and to 0 on N. 

Before discussing this phenomenon, we collect some terminology that will be 
used throughout the sequel. Let H be Hilbert H-module and let T),..., T d be the 
canonical operators associated with the module structure of H. Since 

||?i6 H- \-T d f; d \\ 2 < ||6|| 2 H-f Udf 

for all £ € H, it follows that 

( 1 . 6 ) 0 < T]T\ + • • • + T d T* < 1 H , 

hence we can define a positive operator A on H by A = (1 — TiTj* — • • • — T^TJ) 1 / 2 . 
The rank of H is defined as the rank of the operator A, 

rank(lL) = dim A H. 

rank(iL) can take on any of the values 0 , 1 , 2 ,... , 00 , and we have rank(iL) = 0 iff 
T\Ti + • • • + T d T^ = 1 . 

The operators 7\,..., T d determine a completely positive map ^ : 13(H) —> B(H) 
by way of 

<t>(A) = T t AT* + • • • + T d AT * d , A G 13(H). 

4> is continuous relative to the weak operator topology of 13(H ), and by virtue of 

(1.6) we have ||</>|| = ||^(1)|| < 1. It follows that 1 > 4>(1) > 4> 2 ( 1) > ... is a 
decreasing sequence of positive operators and we write 4>°°(1) for the limit 

(1.7) 0°°(1) = lim c^ n ( 1). 

n —>00 

Of course, <j>°°(A) is undefined for any operator A other than the identity. If 
(f>°°( 1) = 0 then H is called a pure Hilbert H-module. The opposite extreme 
^>°°( 1 ) = 1 occurs only when rank(Lf) = 0 . 

Finally, the set of all polynomials {/(Ti,..., T d ) : / £ A} in the canonical 
operators 7),..., T d of H is a commutative subalgebra of 13(H) which contains 
the identity operator, and we write this algebra of operators as slg(H). C*(H) 
denotes the C*-algebra generated by alg (H). C*(H) is irreducible iff H cannot be 
decomposed into an orthogonal direct sum H = H\ 0 H 2 of nonzero submodules 
H\. H 2 . 

Now let 

(1.8) M — >H —>0 

u 

be a dilation of H, and suppose that M can be decomposed into a direct sum of 
submodules M = Mi 0 M 2 where the restriction of U to M 2 vanishes. In this case 
we say that M 2 is a trivial summand of the dilation (1.8). For example, in the 
dilation (1.5), N is a trivial summand. 
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Proposition 1.9. Let M H —» 0 be a dilation of a Hilbert A-module H. The 
following are euivalent. 

(1) M —> H —> 0 has no nonzero trivial summands. 
v ' u 

(2) The set of vectors 

C*(M)U*H = {AU*f : A € C*(M),£e H} 

spans M. 

(3) For every operator A in the commutant C*(H)' we have 

AU* = 0 =► A = 0. 

If M = H 2 <g) E is a free Hilbert. A-module (see the following paragraphs) then these 
conditions are equivalent to 

(4) The map of E to H defined by £ i—> U(1 <g> Q is one-to-one. 

proof. This is fundamentally a restatment of the equivalence of properties (8.4.1), 
(8.4.1) and (8.4.3) of [1], ' I 


Definition 1.10. A dilation M H —» 0 of H is called minimal if it satisfies 

the conditions of Proposition 1.9. 

Remark. It is clear from property (2) of Proposition 1.9 that any dilation 

M —► H —► 0 

u 

can be reduced to a minimal one 


M 0 —> H —► 0 

u 0 

by replacing M with the submodule Mq = [C*(M)U*H] and U with its restriction 
to Mq. 

We now summarize the main results on the existence and uniqueness of non¬ 
normal dilations for Hilbert H-modules. A free Hilbert A-module is a finite or 
countably infinite direct sum of copies of the rank-one module H 2 . We write n ■ H 2 
for the direct sum of n copies of H 2 , n = 1,2,...,oo. nis uniquely determined 
by the module n • H 2 -, indeed, a simple computation (which we omit) shows that 
rank(n • H 2 ) = n for every n. Thus we will refer to n • H 2 as the free Hilbert 
A-module of rank n = 1, 2,... , oo. If PI is a Hilbert space of dimension n and we 
make the Hilbert space H 2 < 8 > E into a Hilbert A-module by setting 

f{g®0 = f 9 ®C, f € A, geH 2 , (<eE 

then H 2 ® E is isomorphic to n ■ H 2 . 

At the other extreme, a Hilbert A-module H is called spherical if its canonical 
operators {Ti,..., T^} are jointly normal in the sense that {Tj,..., T d . Tf ,..., Tf} 
is a commuting set of operators, and in addition satisfy 

TiTf + • • • + T d T* = 1. 
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Spherical ri-tuples (T\,... ,T d ) are the higher dimensional counterparts of unitary 
operators. One cannot avoid spherical modules in nonnormal dilation theory, and 
they represent a kind of degeneracy. By a standard Hilbert A-module we mean a 
direct sum of Hilbert A-modules of the form H = F 0 S where F is free and S is 
spherical. One or the other summand may be absent. A standard dilation of H is 
a dilation 

M —> H —► 0 

u 

in which M is a standard module. Theorem 8.5 of [1] can now be reformulated as 
follows. 

Theorem 1.11. Every Hilbert A-module H has a minimal standard dilation 

F®S — >H —► 0, 

u 

and any two such are equivalent. If 


F' © S' —>H —► 0 

U' 

is a second standard dilation then every isomorphism W : F(BS —> F'(BS' satisfying 
U'W = U decomposes into a direct sum W = Iff © W 2 , where W\ is an isomorphism 
of the free summands and Wi is an isomorphism of the spherical summands. 

There is somewhat more information available from [1, Theorem 8.5] concerning 
criteria for when one or the other of the summands F or S is missing. 

Theorem 1.12. Let H be a Hilbert A-module. 

(1) The minimal standard dilation of H is free of rank n = 1, 2,... , oo 

n • H 2 —► H —► 0 

u 

iff H is pure of rank n. 

(2) The minimal standard dilation of H is spherical 

S —>H —► 0 

u 

iff <t>{ 1) = TfTf + ... + T d T* = 1 (i.e., iff rank(H) = Oj. 

Finally, we require more explicit information about the minimal standard dilation 
of a Hilbert A-module H 

F®S —> H —► 0 

u 

than is apparent from Theorems 1.11 and 1.12. Indeed, there is an explicit formula 
for F and for the restriction of U to F which is described as follows. Consider the 
module F = H 2 < 8 > AH, where the A-module structure is defined by 

/ • (5® C) = fg® C> f,geA,(eAH. 

We have already pointed out that F = H 2 <S> AH is a free Hilbert A-module of rank 
r = rank (H). Moreover, Theorem 4.5 of [1] implies that there is a unique bounded 
operator Uq : H 2 <S> AH —> H satisfying 


Uo(f <8> C) = / ' A(, / £ A, C € AH. 
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Uq is obviously a homomorphism of Hilbert H-modules, and the proof of Theorem 
4.5 of [1] shows that UqUq = 1# — h)- In particular, if H is pure then U$ is 

a coisometry and 

(1.13) H 2 ®AH — >H —>0 

U 0 

provides a standard dilation of H which has no spherical summand. Indeed, in this 
case (1.13) is actually the minimal standard dilation (condition (4) of Proposition 
1.9 is obviously satisfied). 

If H is not pure then (1.13) is not a standard dilation (nor is it even a dilation); 
but one can make it so by adding an appropriate spherical summand. The details 
are as follows. 

Theorem 1.14. Let H be a Hilbert A-module, let F = H 2 ®AH, and let U 0 : F —> 
H be the morphism defined in (1.13). Then there is a spherical module S and a 
morphism U\ : S —> H such that U\Uf = <f>°°(l h), and such that ifU : F (B S —> H 
is defined by 

U(£,r ] ) = U 0 t + U 1 r l 

then 

F®S — >H —>0 
u 

is the minimal standard dilation of H. 
proof. Let 

F®S — >H —>0 
v 

be a minimal standard dilation of H. Given the formulas of the preceding para¬ 
graph, it suffices to show that the restriction of V to F can be identified with Uq in 
the sense that there is an isomorphism of Hilbert H-modules W : F —► H 2 ® AH 
such that V |>= UqW. Now both F and H 2 ® AH are free modules of the same 
rank r = rank(i7), and thus we may identify F with H 2 <g) AH. 

Having made that identification, let Vo be the restriction of V to the free sum¬ 
mand F = H 2 <g) AH and consider the linear operator A : AH —► H defined by 

HC = Vb(l0C), 

1 denoting the constant function in H 2 . We claim that A has trivial kernel and 
AA* = A 2 . Granting that for a moment, the polar decomposition provides a 
unitary operator H'q G B(AH) such that A = A Wo, hence 

Vo(f ®() = f -Vo(l®0 = f ■ A( = f ■ AWoC 

= U 0 (f ® WoC) = U q (( 1 H 2 ® W 0 )(f ® 0), 

thus W = Ihz ® Wo provides the required automorphism of H 2 ® AH satisfying 

Vo = UqW. _ 

To see that A is injective, pick £ G AH such that Af = 0, and consider the 
operator Z defined on the dilation module M = H 2 ® AH © S by 


z = i H * ® (C ® 0 © o, 
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C <g> C denoting the rank-one operator on AH associated with the vector (. Z is 
a self-adjoint operator in the commutant of and since V maps the vector 

(1 <8 > CjO) M to Af = 0 we have VZ = 0 and hence ZV* = 0. By the third 
condition of Proposition 1.9, Z must be the zero operator and hence Q = 0. 

Finally, we show that AA* = A 2 . For that, let 7\,....Tj (resp. T),..., T,j) be 
the canonical operators associated with the Hilbert module H (resp. M). Since 
M = H 2 © AH © S and S is spherical, we see from (1.2) that the projection of M 
onto the subspace 1 <g> AH © 0 is given by 1 m ~ Ylt= l • Since VV* = 1 h and 
VTk = TkV for every k = 1 ,..., d we have 

d d d 

v(J2 nnw* = y nw* n = y nn, 

k =1 k =1 /c=l 


hence 


d 

AA* = V(1 M ~Y^kfk)V* = VV* 

k=1 


d 


Y TkT k 


A 2 


as required. 


1.15. Dilations and free resolutions. We conclude this section with some re¬ 
marks concerning free resolutions of pure Hilbert modules. Theorem 1.12 shows 
that H 2 and its multiples (free modules) occupy a key position in nonnormal di¬ 
lation theory, in that a Hilbert module H is isomorphic to some quotient F/K of 
a free module F iff H is pure. This leads to the existence (and uniqueness) of 
minimal free resolutions in the category of pure Hilbert H-modules. More precisely, 
suppose we start with a pure Hilbert module H. Applying Theorem 1.12 we find a 
minimal dilation of H of the form 

F —> H —► 0 


where F is free. Let K C F be the kernel of this dilation map. Free modules are 
pure, and submodules of pure modules are pure. Hence, we can reapply Theorem 
1.12 to K itself and continue the sequence one step to the left. We then repeat 
the process on the kernel of the resulting map, continuing indefinitely or until some 
kernel K is zero. 

Thus, every pure Hilbert A-module has a minimal free resolution , that is, there 
is an exact sequence of Hilbert A-modules 

(1.16) • • • —■> F 3 —> h '2 —> —> H —> 0 

where each Fj, is a free module and where each connecting map is a partial isometry 
which satisfies the conditions of Proposition 1.9. This minimal free resolution is 
unique in the sense that if 

-+ Fg —> F' 2 —> F[ —> H —> 0 

is another one then after working from right to left with Theorem 1.11 we find that 
there is a sequence of isomorphisms Wk '■ Fk —> F^, such that each subdiagram 

Fk+i -> Fk 


w k+1 


K + i 


w k 


- K 
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commutes. 

Naturally, one would like to know if the resolution (1.16) is of finite length in the 
sense that = 0 for sufficiently large k. Moreover, if we start with a pure module 
H of finite rank, then by analogy with Hilbert’s syzygy theorem one might hope 
that the free resolution of H is a) of finite length and b) each of the free modules F% 
is of finite rank. Unfortunately, nothing like that is true in this category. We will 
show in section 9 that every pure graded Hilbert H-module H of rank one which is 
not already isomorphic to H 2 has a minimal free resolution of the form 

• • • —> i> —* a i —■> fi —■> o 

where F\ is isomorphic to H 2 but where F^ is free of infinite rank. Thus, Hilbert’s 
syzygy theorem fails rather spectacularly for Hilbert H-modules. 

Nevertheless, we will find in section 3 that algebraic free resolutions do play a 
central role in the theory of Hilbert H-modules. 

2. Multipliers of free Hilbert modules. 

Elements of free modules, and homomorphisms from one free module to another, 
can be “evaluated” at points in the open unit ball B d in C d . The purpose of this 
section is to discuss these evaluation maps and the relation between morphisms and 
multipliers. Throughout the section, {u z : z G B d } will denote the set of functions 
in H 2 defined in section 1 (see (1.1.1) and (1.1.2)). 

Let E be a separable Hilbert space and consider the free Hilbert H-module 
F = H 2 <S> E of rank r = dim E, where the module structure is defined by 

/ • {9 <8> C) = fg <S> 0, f,geA,(eE. 

One can think of elements of H 2 <g> E as E- valued holomorphic functions defined 
on B d in the following way. 

Proposition 2.1. For every element £ G H 2 <g) E and every z € Bd there is a 
unique vector f(z) G E satisfying 

(&0,c) = <£,«* ® 0, ( e E. 

The function £ : B d —> E is (weakly) holomorphic and satisfies 

(2.2) IlfWII < *i, , 2 e B d . 

V 1 - \ z \ 

proof. The argument is straightforward and we merely sketch the details. Since 

IK ® Cll = ||«r II ' |K|I = - J== 

V 1 — \z\ 

it follows that for fixed z G B d , ( *—>■ ((, u z <8> C) is a bounded antilinear functional 
on E. By the Riesz lemma there is a unique vector £(z) G E such that 

(I(u)jC) = (£,Mz<8>0) 5 (eE, 
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and one has ||£(,z)|| < ||£||(1 — \z\ 2 )~ 1 ^ 2 . By the definition of u z , z e-> (£,u z <g> £} is 
holomorphic in Bd, hence £ : H is weakly holomorphic. The estimate (2.2) is 

immediate from the definition of £. I 

Remarks. We lighten notation by writing £(z) for the value of £ at z, rather than 
the more pedantic £(z). Notice that the A -module structure of H 2 ®E is expressed 
conveniently in terms of the values of £ as follows 

(/ • £)(*) = /(*)£(*), /eA £€H 2 ®e, z g B d . 

Notice too that an element £ G H 2 <g) B is uniquely determined by its functional 
representative z £ h ((z) because { 1 X 2 : z G spans H 2 [1], hence {u z <g> C : 
2 ; G Bd, C £ B} spans H 2 < 8 > E, and hence £(z) = 0 for all z £ Bd only when £ is the 
zero element of H 2 <S> B. 

Similarly, any bounded homomorphism of free modules can be evaluated at 
points of the unit ball so as to obtain a multiplier. In more detail, let E\ and 
E 2 be two separable Hilbert spaces and let <f> : Bd —> B(Bi,B 2 ) be an operator¬ 
valued function defined on the open unit ball. We will say that <h is a multiplier if 
there is a bounded linear operator <h : H 2 <S> -E^i —^ H 2 <S> E 2 such that 

$(*)£(*) = (d£)(z), £gB 2 ®B 1 , zeB d . 

The multiplier norm of d> is defined as the operator norm 

ll^ll-M = ||$|| = SUp 11 $£ | \h*®E 2 - 

II€IIh 2 ®e 1 — 

Notice that the operator $ is a homomorphism of the A-module structure of H 2 ®E\ 
to that of H 2 <g) E 2 , since by the preceding remarks for / G A and £ G H 2 <S> E\ we 
have 

Hf • 0(*) = *(*)((/ ■ 0 (*)) = <!>(*)(/(*)£(*)) = f(zMz)az) 

=/(*)*(£)(*) = (/•*(£))(*) 

for all z G Bd, hence <h(/ • £) = /•$(£). The space of all such multipliers is denoted 
A4(E\. E 2 ), and we again simplify notation by dropping the circumflex over the 
operator 4>. 

Now let E \, E 2 be two separable Hilbert spaces. A bounded linear operator 
<F : H 2 ®Ei —► E[ 2 ®E 2 satisfying $(/•£) = /•$(£) will be called a homomorphism, 
and in this section only the Banach space of all such will be written 7iom(H 2 <S> 
E\,H 2 < 8 > E 2 ) (recall that we have reserved the notation hom (H,K) for spaces of 
homomoprhisms having norm at most 1 ). 

Fix G TLom(H 2 < 8 ) E\, H 2 < 8 > E 2 ). Then for every z in the open unit ball Bd we 
can define an operator <h(z) G B{E\,E 2 ) by 

(2.3) ($(z)Cr,C 2 ) = <$(l®Ci),«z®C2>, CfcG^fc! 

indeed, this follows from an application of the Riesz lemma after taking note of the 
obvious estimate of the term on the right 

|<$(i®C 1 ) > «z®C 2 )l < 

\/l - z 2 
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Proposition 2.4. For every homomorphism $ : H 2 ®Ei —> H 2 <g>E 2 , the operator 
function z £ B d i—> 4>(z) £ B{E \, E 2 ) defined by (2.3) belongs to the multiplier space 
M(E 1 ,E 2 ) and its associated operator is 4>. Moreover, 

(!) sup w<1 \\$(z)\\ < ||4>|| = ||4>||x, and 

(2) the adjoint 4>* £ B(H 2 <8> E 2 ,H 2 <g) Efi) of the operator 4> is related to the 
operator function z £ B d i—> 4>(z)* £ B(E 2 , Efi) as follows, 

$*(u z ®0 = u g ®${z)* c, zeBd, CG E 2 . 

proof. We claim first that for every f 2 £ E 2 and every ( £ H 2 ® Ei of the form 
C = / <8> C we have 

(2.5) ($(z)f (z), C 2 ) = ($(0, u z 0 ( 2 ) ■ 

Indeed, since f(z) = f(z)( 2 the left side of (2.5) is f(z) (<l?(z)Ci, £ 2 ) while since 

m = <*>(/• (1 ® a)) = /-^(i® a), 

the right side of (2.5) is 

(/ • $(1 0 Ci ),u z 0 C 2 ) = (/(z)4>( 1 <g> Ci)(z), C 2 ) = f[z ) ($(z)Ci, C 2 ) • 

Hence (2.5) holds for elementary tensors £• Now for an arbitrary f £ Pf 2 -EC the 
left side of (2.5) is bounded by 

l<*M«A6)l < 11*011 ■ JfWII • IIC 2 II < ll ‘‘‘ ll -Mf-!C 211 

V 1 “ M 

and the right side is bounded by 

1 (m,u z ® c 2 ) 1 < m • iicii • k ® C2I1 < ll ^ ll ^i C211 

v 1 - kr 

Since H 2 <S> E\ is spanned by elements of the form / ® Ci> (2-5) follows in general. 

Now by definition of 4>(£)(z) the right side of (2.5) is (4>(£)(z), C 2 ), and since C 2 
is arbitrary in (2.5) we conclude that <h(C)(z) = $(z)£(z). Hence the function <!>(•) 
is a multiplier with associated operator <f> £ B(h 2 0 E\, H 2 ® E 2 ). 

We now verify formula (2) of Proposition 2.4. Fix / £ Ed 2 , Cfc £ E]., k = 1,2, 
and z £ B d - Then we have 

(f 0(i,$*(u z 0 C 2 )) = ($(/® Ci),«z<8> C 2 ) = (/•4 > (1<8 >Ci) ! «z®C2 ) 

= (/(z)4>(z)Ci,C2 ) = /(z) <4>k)Ci,C2> = </,«*} (Ci,^(z)*C 2 ) 

= (f0(l,Uz0$(z)*( 2 ). 

Since H 2 ® £) is spanned by vectors of the form f 0 ( 1 , the required formula (2) 
follows. 

To prove (1) of Proposition 2.4 it suffices to show that for every £ E^, k = 1,2 
with HCfcH < 1 we have | (4>(z)Ci, C 2 ) | < Ill'll- For that, write 

(! - |z| 2 ) _i | <4>(z)Ci,C 2 ) I = |K|| 2 | (Ci,<f>(z)*C 2 > | = | (u z 0 Ci ,u z 0 $(z)*C 2 ) |- 
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By the formula (2) just established, the right side is 

| (u z <g> ® C 2 )) | < IK|j 2 || < f , *|| = (1 - |^| 2 )“ i || < ^ , 

from which the assertion of ( 1 ) follows. 


Remarks. Experience with one-dimensional operator theory might lead one to ex¬ 
pect that the space of all multipliers A4(E\. E 2 ) should coincide with the space 
H 00 (Ei , E 2 ) of all bounded holonrorphic operator valued functions 

F:B d ^B{E 1 ,E 2 ). 


However, the failure of von Neumann’s inequality for the ball Bd in dimension 
d > 2 (cf. [1], Theorem 3.3) implies that this is far from true. Indeed, if we 
consider the simplest case in which both spaces E\ = E 2 = C consist of scalars, 
then _M(C,C) = A4 is the multiplier algebra introduced in [ 1 ], and it was shown 
there that J\4 is a proper subalgebra of the algebra H°° of all bounded holomorphic 
functions defined on the open unit ball in C d when d > 2. Indeed, examples are 
given in ([1], Theorem 3.3) of continuous functions defined on the closed unit ball 
/ : Bd —► C which are holomorphic in the interior Bd , but which are not multipliers. 

We conclude this section with a few remarks about boundary values. Let <7 
denote the natural normalized measure on the unit sphere dBd in complex d-space, 
and let El 2 {dBd) denote the multivariate “Hardy space” defined as the closure 
in L 2 {dBd) of the holomorphic polynomials. Every element / of H 2 {dBd ) has a 
natural holomorphic extension / to the interior the ball Bd, and for cr-almost every 
z 6 dBd we have 

lim f{rz) = f(z). 

r] 1 


Moreover, 

lim [ | f{rz) - f(z)\ 2 da(z) = 0 

” 1 ! JdB d 

(for example, see [26]). 

These properties generalize to vector-valued functions as follows. Let £ be a 
separable Hilbert space and let H 2 {dBd; E) denote the closure in L 2 {dBd',E) = 
L 2 (dBd) ® E of the linear span of all vector polynomials of the form / < 8 > C> with 
/ 6 A and ( € E. Elements £ of El 2 {dBd', E) extend in a similar way to holomorphic 
functions / : Bd —► E and there is a Borel set N C dBd of measure zero such that 
for all z € dBd \N we have 


( 2 . 6 ) 


lim||£M -f(*)ll = 

r 11 


and moreover 

(2.7) lim f \\i{rz) - i{z)\\ 2 da{z) = 0; 

JdB d 

for example, one can establish this by making use of the radial maximal function, 
see 5.4.11 of [26]. 

The preceding remarks lead immediately to the following conclusion about the 
boundary values of multipliers. 
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Proposition 2.8. Let $ £ Ai{E \, E 2 ) be the multiplier of a homomorphism $ in 
TLomfH 2 <g) Ei,H 2 ® E 2 ). Then for a-almost every z £ dBd, the net of operators 
r £ (0,1) 1 —> <&{rz) £ B(Ei,E 2 ) is uniformly bounded and converges in the strong 
operator topology of B(Ei, E 2 ) to an operator 4>(z). The operator function : 
dBd —> B(E\. E 2 ) belongs to L°°{dBd\ B(Ei, E 2 )) and satisfies 

(2.8) ess sup||$(z) || = SUp ||$(z)|| < \m M - 

1*1=1 |z|<l 

proof. The argument is straightforward, and we merely sketch the details. For fixed 
C £ £ 1 , consider the holomorphic vector-valued function f : Bd —> E 2 defined by 
f(z) = <h(z)C. £ satisfies 


sup ||C(z)|| < ||$(z)||.M • IICII < 00 
M<i 

and therefore it is the restriction to B d of a unique element £ £ H 2 {dBd',E 2 ). 
Moreover, we have 

hm||£(rz) -|(z)|| = 0 

r11 

for (j-almost every z £ dB d ■ Since E\ is separable, a standard argument shows that 
the exceptional set can be made independent of ( £ Ei, and for all such nonexcep- 
tional points z £ dB d the net of operators r 1 —> d>(rz) is strongly convergent to a 
limit operator d>(z) satisfying 2.9. I 

3. Euler characteristic. 

Throughout this section, H will denote a finite rank Hilbert H-nrodule. We will 
work not with H itself but with the following linear submanifold of H 

M h = span{/ • : / £ A, £ £ H}. 

The definition and basic properties of the Euler characteristic are independent of 
any topology associated with the Hilbert space H, and depend solely on the linear 
algebra of Mh . As we have pointed out in the introduction, Mh is a finitely gener¬ 
ated A-module, and has finite free resolutions in the category of finitely generated 
A-modules 

0 —> F n —» • • • —> F 2 —> Fi — Mh —» 0 , 

each Fk being a sum of (3k copies of the rank-one module A. The alternating sum 
of the ranks f3\ — f3 2 + @3 —f-... does not depend on the particular free resolution 
of Mh, and we define the Eider characteristic of H by 

n 

(3.1) X (H) = J2(- l) fc+1 ^- 

k= 1 

The main result of this section is an asymptotic formula (Theorem C) which ex¬ 
presses x{H) in terms of the sequence of defect operators 1 — (j ) n+1 ( 1 ), n = 1,2,, 
where 4> is the completely positive map on B(H) associated with the canonical 
operators T),..., Td of H, 


4>{A) = TiATf H-+ T d ATl 
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The Hilbert polynomial is an invariant associated with finitely generated graded 
modules over polynomial rings k[x i,... ,Xd\, k being an arbitrary field. We require 
something related to the Hilbert polynomial, which exists in greater generality than 
the former, but whose existence can be deduced rather easily from Hilbert’s original 
work [16], [17]. While this polynomial is very fundamental (indeed, its existence 
might be described as the fundamental result of multivariable linear algebra), it is 
less familiar to analysts than it is to algebraists. 

We define this polynomial in a way suited to our needs below. It is convenient 
to work in terms of the following sequence of polynomials goals '' ■ £ Q[x], which 
are normalized so that q k (0) = 1, and which are defined recursively by 

(3.2.1) q 0 (x) = 1, 

(3.2.2) q k {x) - q k (x - 1) = q k -i(x), k > 1. 

One finds that for k > 1, 

(z + l)(z + 2 )...(x + k) 

(3-3) q k {x) = - — -. 

When x = n is a positive integer, q k {n) is the binomial coefficient ( n + fc ), and more 
generally q k { Z) C Z, k = 0,1, 2,... . 

Theorem 3.4. Let V be a vector space over a field k, let Tf,..., T d be a commuting 
set of linear operators on V, and make V into a k\x \,..., xfi-module by settinq 
f-Z = f(T 1 ,...,T d )Z,fek[x 1 ,...,x d ],teV. 

Let G be a finite dimensional subspace of V and, for every n = 0,1, 2,... define 
a finite dimensional subspace M n by 

M n = span{f • £ : / <E k[x u ... ,x d \, deg f < n, f G G}. 

Then there are integers co,ci,... ,c d G Z and N > 1 such that for all n > N we 
have 

dim M n = c 0 q 0 (n ) + ci<?i(n) H-h c d q d (n). 

In particular, the dimension function n e-> dim M n is a polynomial for sufficiently 
large n. 

proof. We may obviously assume that V = U n M n , and hence V is a finitely gener¬ 
ated k[x i,..., Xd]-module. The fact that the function n e-> dim M n is a polynomial 
of degree at most d for sufficiently large n follows from the result in section 8.4.5 
of [19]; and the specific form of this polynomial follows from the discussion in [19], 
section 8.4.4. ■ 


Remark 3.f. We emphasize that the dimension function n e-> dim M n is generally 
not a polynomial for all n G N, but only for sufficiently large n G N. 

We also point out for the interested reader that one can give a relatively simple 
direct proof of Theorem 3.4 by an inductive argument on the number d of operators, 
along lines similar to the proof of Theorem 1.11 of [14]. 

Suppose now that G is a finite dimensional subspace of V which generates V as 
a k[x i,... ,x d ]-module 


V = span{/ • £ : / G k[x i,..., x d ], (gGJ. 
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The polynomial 

p(x) = c 0 qo(x) + ciqi(x) H-b c d q d (x) 

defined by theorem 3.4 obviously depends on the generator G; however, its top 
coefficient c d does not. In order to discuss that, it is convenient to broaden the 
context somewhat. Let M be a module over the polynomial ring k[x i,... ,x d \. A 
filtration of M is an increasing sequence M\ C M2 C ... of finite dimensional linear 
subspaces of M such that 


M = U n M n 
XkM n C M n+ 1, 


and 

k = 1,2 ,..., d, n > 1. 


The filtration {M n } is called proper if there is an no such that 
(3.5) M n+ 1 = M n + x\M n H-b x d M n , n > n 0 . 


Proposition 3.7. Let {M n } be a proper filtration of M. Then the limit 


c = d\ lim 

n —>00 


dim M n 
n d 


exists and defines a nonnegative integer c = c(M) which is the same for all proper 
filtrations. 

proof. Let {M n } be a proper filtration, choose n 0 satisfying (3.5), and let G be the 
generating subspace G = M no . One finds that for n = 0,1, 2,... 


M no+n = span{/ • £ : deg/ < n, £ G M no } 


and hence there is a polynomial p(x) € Q[x] of the form stipulated in Theorem 3.4 
such that dimM no+n = p{n ) for sufficiently large n. Writing 

p(x) = c 0 q 0 (x) + c 1 q 1 (x) H-b c d q d (x ) 


and noting that q^ is a polynomial of degree k with leading coefficient 1/A;!, we find 
that 

c = d>. lim 50 = d\ lim dimA '- + ” = d\ lim dim f“, 


n —>oo n 


n u 


n u 


as asserted. 

Now let {M' n \ be another proper filtration. Since M = U n M' n and M no is finite 
dimensional, there is an ri\ G N such that M no C M' ni . Since {M/} is also proper 
we can increase n\ if necessary to arrange the condition of (3.5) on M' n for all 
n > ni, and hence 


M' ni+n = span{/ • £ : deg / < n, £ € M/J. 
Letting c' d be the top coefficient of the polynomial p\x) satisfying 

dim M' ni+n =p'(n) 
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for sufficiently large n, the preceding argument shows that 


cl, = d\ lim 


dim ML 


n— xx> TL 


On the other hand, the inclusion M no C A t' together with the condition (3.5) 
on both {M n } and {M' n }, implies 

M no+n = span{/ • £ : deg / < n, £ € M no } 

C span{/ • ?? : deg f < n, r] G M' ni } = M' ni+n . 

Thus we have 

dim M n dim M n +n dim M' +n dim M' 

inn - - — = lim - - - < lim -^— = Inn --—, 

n—>oc Ti n—>oo Ti n—»oo 77, n—>oo 77,® 

from which we conclude that Cd < c' d . By symmetry we also have c' d < Cd- I 


The following two results together constitute a variant of the Artin-Rees lemma of 
commutative algebra (cf. [29], page II-9). Since the result we require is formulated 
differently than the Artin-Rees lemma (normally a statement about the behavior 
of decreasing filtrations associated with ideals and their relation to submodules), 
and since we have been unable to locate an appropriate reference, we have included 
complete proofs. 

Associated with any filtration {M n } of a k\x \,..., Xd ]-module M there is an 
associated Z-graded module M, which is defined as the (algebraic) direct sum of 
finite dimensional vector spaces 


M = ^Al n , 

n£Z 


where M n = M n /M n _i for each n € Z, and where for nonpositive values of n, M n is 
taken as {0}. The k\xi,, Xd ]-module structure on M is defined by the commuting 
d-tuple of “shift” operators Tj,..., T,/, where is defined on each summand M n 
by 

Tk '■ £ + M n -1 £ M n /M n -1 e-> Xki + M n G M n+ i/M n . 

Remark 3. 7. For our purposes, the essential feature of this construction is that for 
every n > 1, the following are equivalent 

(1) Mn- t-i = M n + x\M n + • • ■+ XdMd 

(2) M n+ 1 = T\M n + • • • + TdM n . 

Lemma 3.8. Let {M n } be a filtration of a k[x i,..., Xd]-module M. The following 
are equivalent: 

(1) {M n } is proper. 

(2) The k[x\,, Xd\-module M is finitely generated. 

(2). Find an no G N such that 


Afra+i — M n + x\M n + • • • + XdM n 


proof of (1) 
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for all n > hq. From Remark 3.7 we have M n+ 1 = T\M n + • • • + T ( jM n for all 
n > no, hence G = M\ + • • • + M no is a hnite dimensional generating space for M. 

proof of (2) => (1). Assuming (2), we can find a finite set of homogeneous 

elements fk £ M.„ fc , k = which generate M as a A:[xt, ..., x d ]-module. It 

follows that for n > max(ni,..., n r ) we have 

Mn+i = T\M n + • • • + TdM n . 

For such an n, Remark 3.7 implies that 


Mn+i — M„ + xiM n + • • • + XdM n , 


hence {M n } is proper. 


Lemma 3.9. Let {M n } be a proper filtration of a k[xi ,..., Xd]-module M, let 
K CM be a submodule, and let {K n } be the filtration induced on K by 

K n =K n M n . 

Then {K n } is a proper filtration of K. 
proof. Form the graded modules 

M = J2 M n /M „_i 

ntzL 

and 

K = ^ Kn/Kn-l- 

ndzL 

Because of the natural isomorphism 

Kn = K n M n /K n M n _! = (K n M n + C M n /M n _ 1 = M n , 

K is isomorphic to a submodule of M. Lemma 3.8 implies that M is finitely 
generated. Thus by Hilbert’s basis theorem (asserting that graded submodules of 
finitely generated graded modules are finitely generated), it follows that K is finitely 
generated. Now apply Lemma 3.8 once again to conclude that {K n } is a proper 
filtration of IT. ■ 


We remark that the proof of Lemma 3.9 is inspired by Cartier’s proof of the 
Artin-Rees lemma [29], p II-9. 

Let M be a finitely generated A-module, choose a finite dimensional subspace 
G C M which generates M as an A-module, and set 


M n = span {/ ■(: f e A, deg / < n, (eGJ. 

Since {M n } is a proper filtration, Proposition 3.7 implies that the number 

dim Mr, 


c(M) = dl lim 


n u 


exists as an invariant of M independently of the choice of generator G. The following 
result shows that this invariant is additive on short exact sequences. 
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Proposition 3.10. For every exact sequence 

0 — > K —> L —> M —► 0 

of finitely generated k[x i,..., xfi-modules we have c(L) = c(K) + c(M). 

proof. Since c(M) depends only on the isomorphism class of M, we may assume 
that K C L is a submodule of L and M = L/K is its quotient. Pick any proper 
filtration {L n } for L and let {L n } and {K n } be the associated filtrations of L/K 
and K 


L n = (L n + K)/K C L/K, 

K n = K n M n C K. 

It is obvious that {L n } is proper, and Lemma 3.9 implies that {K n \ is proper as 
well. 

Now for each n > 1 we have an exact sequence of finite dimensional vector spaces 

0 * K n > L n > L n > 0, 


and hence 


dim L n = dim K n + dim L n . 

Since each of the three filtrations is proper we can multiply the preceding equation 
through by d\/n d and take the limit to obtain c(L) = c(K) + c(L/K). I 


Remark 3.11. The addition property of Proposition 3.10 generalizes immediately 
to the following assertion. For every finite exact sequence 

0 —> M n —> • • • —> Mi —> M 0 —> 0 

of finitely generated k[x i,..., x ( /]-modules, we have 

n 

^(-l) fc c(M fc ) = 0. 

k=0 

Corollary. Let M he a finitely generated k[x 1; ..., xfi-module and let 

0 —> F n —»-> F 1 —> M —> 0 

he a finite free resolution of M , where 

F k = fik- k[x i, ...,x d \ 

is a direct sum of f3 k copies of the rank-one free module k[x 1; ..., xfi. 

n 

c(M) = ^(— l) k+ 1 fi k . 

k= 1 


Then 
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proof. Remark (3.11) implies that 


c(M) = ^(-l) fc+ 1 c(F fc ), 

k =1 


and thus it suffices to show that if F = (3 ■ k[x i,... ,x d ] is a free module of rank 
P G N, then c(F) = [3. 

By the additivity property of 3.10 we have 


c(P ■ k[x i,.. .,x d \) = P ■ c(k[x i,... ,x d \) 


and thus we have to show that c(k\x i,..., x d ]) is 1. 

This follows from a computation of the dimensions of 

V n = {/ € k[x i,..., x d ] : deg / < n} 


and it is a classical result that 


dim = q d {n) = 


(n + 1)... (ra + d) 


d! 


(see, for example, Appendix A of [1]). Thus 


lim lim ("+ 1 ) •■;(" + =1 


n—>oo 77,' 

and the corollary is established. 






We now deduce the main result of this section. Let H be a finite-rank Hilbert 
module over A = C[z\,... ,z d ], and let <p : B(H) —> 13(H) be its associated com¬ 
pletely positive map <f(A) = T^ATf + • • • + T d ATf. 


Theorem C. 


x(H) = d\ lim 

n —^oo 


rank (1 — c/> n+1 (l)) 
n d 


proof. Consider the module 


M h = span{/ • : / G A, £ € H} 

and its natural (proper) filtration 

M n = span{/ • : deg f < n, £ G H}, n = 1,2,- 

In view of the definition of y(iL) in terms of free resolutions of M the preceding 
corollary implies that 

X(H) = c(M h ) = d\ lim dim ^ n . 

n—> oo Ti 
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Thus it suffices to show that 

dimM n = rank(l — 0 n+1 (l)) 
for every n = 1,2,.... For that, we will prove 

(3.12) M n = (1 — (f> n+1 (l))H. 

Indeed, writing 

n n 

(3.13) 1 - <T +1 (1) = £ 0 fe (l - 0(1)) = E ^(A 2 ), 

k =0 k —0 

we see in particular that 1 — 0 n+1 (l) is a positive finite rank operator for every n 
and hence 

(1 - 0 n+1 (l))FT = ker(l - 0 n+1 (l)) x . 

The kernel of 1 — 0 n+1 (l) is easily computed. We have 

ker(l - <T +1 (1)) = {t€H:((l- <T +1 (1))£,£) = 0}, 
and by (3.13), ((1 - 0 n+1 (l))£,£) = 0 iff 

n 

]T(0 fe (A 2 )£,O = o. 


k —0 


Since 


ii — 1 


n d 


0 fe (A 2 ) = E ...7) t A 2 v): ...v;;. 
the latter is equivalent to 

7 

£ £ ||A77 fc ...!77 i £|| 2 = 0. 

fc=0 u,...,ifc = l 

Thus the kernel of 1 — 0 n+1 (l) is the orthocomplement of the space spanned by 
{T h .. .T ik Ar]: r] e H, 1 < i u ..., i k < d, k = 0,1,..., n}, 
namely M n = span{/ • At/ : deg / < n, r/ € #}. This shows that 

ker(l - 0 n+1 (l)) = 
from which formula (3.12) is evident. 


Remark 3.14- Closed submodules of finite-rank Hilbert H-modules neet not have 
finite rank (see section 8, Corollary of Theorem F). However, if Hq is a submodule of 
a finite rank Hilbert module H which is of finite codimension in H , then rank(Ho) < 
oo. Indeed, if Pq is the projection of H onto H 0 , then 

rank(Ho) = rank(l H(J - (f> Ho (l Ho )) = rank(P 0 - 4>h(P)))- 

Since P 0 - 4>h{Pq) = (1 h - 4>h{1h)) ~ P^~ + 4>h{Pq), we have 

rank(Ffo) < rank(Ff) + rank(F > 0 " L ) + rank(0^(Fg L )) < oo. 

On the other hand, given a submodule H q C H with dim(H/H q) < oo, the 
algebraic module Mh 0 is not a submodule of Mh, nor is it conveniently related 
to Mh- Thus there is no direct way of relating \{H) t° x(Ho) by way of their 
definitions. Nevertheless, Theorem C implies the following. 
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Corollary 1: stability of Euler characteristic. Let Hq be a closed submodule of 
a finite rank Hilbert A-module H such that dim (H/H 0 ) < oo. Then y(Po) = x(P). 

proof. By estimating as in Remark 3.14 we have 

rank(ltf 0 - (l Ho )) <rank(l^ - 4 #' 1 ( 1 h ))+ 

rankP^ + rank(<^ +1 (P 0 x )), 

Po denoting the projection of H on Hq. Similarly, 

rank(l# - ( 1 H )) <rank(l^ 0 - ^ xl (l Ho ))+ 

rankP 0 x + rank (^ +1 (P 0 ± )), 


Thus we have the inequality 
(3.15) 

|rank(l# - 4 P H +1 (1 H )) - rank(l# 0 - (l Ho ))\ < rankP 0 X + rank(#£ l " 1 C p d L ))- 

One estimates the right side as follows. Note that 

d 

(^ +1 (P 0 X )C,0 = E ( p oK +l • • • ^ T U • • • T ^) 

^1 5 • • • j^n + l = 1 

vanishes iff f belongs to the kernel of every operator of the form P(ff(T ±,..., T d )* 
where / £ E n+ iH 2 is a homogeneous polynomial of degree n + 1. Hence the 
range of the positive finite rank operator ^> n+1 (Pg L ) is the orthocomplement of all 
such vectors £, and is therefore spanned linearly by the ranges of all operators 
/(T 1 ,...,T d )P x ,/6P n+1 P 2 ,i.e., 

span{/ • C : / G E n+ 1 H 2 , ( € P 0 ± H}. 


It follows that 


rank(0 n+1 (P c j L )) < dim(P n+ iP 2 ) • rankP^ = qd-i{n + l)rankP 0 x . 


Thus (3.15) implies that 


rank(l g - 0" +1 ( 1 H )) 
n d 


rank(l Ho ~ 

n d 


is at most 


rank(P c ( _ ) 


1 + Qd-l( n + 1) 
n d 


Since q ( i-i(x) is a polynomial of degree d — 1, the latter tends to zero as n —► 00 , 
and the conclusion |y(P) — y(Po)| = 0 follows from Theorem C after taking the 
limit on n. I 


For algebraic reasons, the Euler characteristic of a finitely generated A-module 
must be nonnegative ([18], Theorem 192) and hence y(P) > 0 for every finite rank 
Hilbert A-module H. One also has the following upper bound, which we collect 
here for later use. 
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Corollary 2. For every finite rank Hilbert A-module H, 0 < y(iF) — rank(H). 

proof. Let Mh be the algebraic module associated with H and let M\ C M 2 C ... 
be the proper filtration of it defined by 

M n = span {/ • £ : / G A, deg f < n, £ G AiF} 

A denoting the square root of 1# — TfiTf — ■ ■ • — T t jTf. Clearly 

dim M n < dim{/ G A : deg / < n} • dim AH = qd(N) ■ rank (H). 

From the corollary of Prop 3.10 which identifies y(A Ijj) with 

c(Mh) = d\ lim c ^ m ^ n < d\ ij m ^ ^ . rank(iL) = rank(iF), 

n —>00 T\r n—>00 77,“ 

the inequality follows. I 


4. Curvature invariant. Let H be a Hilbert A-module with canonical operators 
Ti,.... T,i. For every z G C d we define the operator T{z) G B{H) as in (0.2), 


T{z) — Z\T\ + • • • + ZdTd- 

We have pointed out in the introduction that ||T(z)|| < \z\, and hence 1 — T(z) is 
invertible for all z in the open unit ball Bd- Thus we can define an operator-valued 
function F : Bd —> B(AH) as follows: 

(4.1) F(z)£ = A(1 - T(z)*)- 1 (l - T(z)) _1 A/, (eA H. 

Assuming that rank(lL) < oo, then F(z) is a positive operator acting on a finite 
dimensional Hilbert space and we may take its trace to obtain a numerical function 
defined for all z the open ball. We show in Theorem A below that the latter function 
has “renormalized” boundary values 

Kq{z) = lim(l — r 2 )trace F(rz) 
rfl 

for almost every point z G dBd relative to the natural measure da on 8 Bd • The 
curvature invariant I\(H ) is defined by integrating the function Kq (•) over dBd , and 
in general K{H) is a real number satisfying 0 < K(H) < rank(iL). Significantly, the 
curvature invariant is sufficiently sensitive that it detects precisely when the closed 
submodule of H generated by AH is a free Hilbert module; the criterion for freeness 
is that the curvature should be the maximum possible value K(H) = rank (FT). 

Fix a Hilbert A-module H, of arbitrary positive rank, and form the free Hilbert 
A-module H 2 <S> AH of rank r = rankiF. We have seen in section 1 that there is a 
unique operator Uq G hom(iF 2 <8> AH, H) satisfying 

(4.2) W < 8*0 =/-AC, / G A, (eH. 

Uq is a coisometry only when H is pure; but it is a contraction in general and hence 
1 — UqJJq is a positive operator in B(H 2 <g> AH) of norm at most 1. The following 
result implies that 1 — Ujf U 0 can be associated with a multiplier, and that fact is 
essential to the proof of Theorems A and D. 
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Proposition 4.3. There is a free Hilbert module F = H 2 (g> E and a multiplier 
<h G JA(E, AH) whose associated homomorphism satisfies 

UoUo+ *** = ! Hi¬ 


proof. Let To be the free module H 2 <8> AH. By Theorem 1.14 there is a spherical 
module Sq and a map U\ G hom(S’ 0 , H) such that 

U : (£,r?) eF 0 ®S 0 ^ Uo£ + U lV G H 

defines a minimal dilation 


Fq © Sq —jj* H —► 0. 

We consider the kernel K = ker U of the dilation map U. K is a Hilbert sub- 
module of Fq 0 Sq and therefore it too has a minimal dilation 

F 0 S —>K —> 0, 
v 

where V G hom(F 0 S, F 0 0 S 0 ) satisfies VV* = Pk , Pk denoting the projection 
of Fq 0 Sq onto K. Define <h G hom (F,F 0 ) by <1> = Pf 0 V |>, Pp 0 denoting the 
projection of F 0 0 So onto the first summand. We have to show that 

(4.4) UqUq = l Fo - 

and for that we require 

Lemma 4.5. Let F \. F 2 be free Hilbert A-modules, let S\,S% be spherical Hilbert 
A-modules, and let V G liomfFi 0 Si, F 2 0 S^)- Then VS\ C ^ 2 - 

Assuming for the moment that Lemma 4.5 has been proved, we establish (4.4) 
as follows. Since Uq is the restriction of U to the free summand To 0 To © Sq we 
have UqUq = Pp 0 U*U |> 0 . Since U is a coisometry, U*U is the projection 1 — Pk 
onto the orthocomplement of K = ker U C Fq 0 <So, hence 

(4.6) UqUq = P Fo ( 1 - Pk) (f 0 = 1 f 0 ~ Pf 0 Pk (f 0 • 

Applying Lemma 4.5 to the map V G hom(T 1 0 S, Fq 0 So) we find that VS C So 
or, equivalently, that Pf 0 V = Pf 0 VP F - Since VV* = Pk, the right side of (4.6) 
becomes 

1f 0 - P Fo VV* (fo = lFo - Pf 0 VP f V* | Fo = 1 f 0 - 

as required. 

proof of Lemma f.5. Let Tj,..., be the canonical operators associated with the 
Hilbert module Ti 0 Si, and let (pi : B{F\ 0 Si) —> B{F\ 0 S\) be their associated 
completely positive map. Then (p\{l) > (p\{ 1) > ^>i(l) > ... is a decreasing 
sequence of projections with limit projection 


lim cpi(l) = 0 0 lsj. 
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Similarly, if 0 2 is the corresponding completely positive map on B(F 2 © S 2 ) then 
02 (1) | 0 ® ls 2 . Since V G hom(Fi © Si,F 2 © S 2 ) we have 

for every n, hence 

C(0©l Sl )C* = lim V<ft{l)V* < lim 0£(1) = 0© l Sa , 

n— >oo n —>oo 

from which VSi C S 2 follows. I 


From Proposition 4.3 we obtain 

Corollary. Let F : F>d —* B(AH) be the function (f.l) and let G M.(E,AH) be 
the multiplier of Proposition f.3. Then for all z G Bd we have 

(1 - \z\ 2 )F{z ) = 1 - 4>(z)4>(z)*. 

proof. Fix a G B^, C 11 C 2 G AH. From (4.1) we can write 

(4.7) (F(a)Ci,C 2 > = <(1 — T(a))- 1 ACi,(l-T(a))- 1 AC2>. 

Consider the operator Uq : H 2 © AH —► H given by Uo(f © () = f • A£. Notice 
that for the element u a G H 2 defined by 

u a {z) = (1 - ( 2 , a)) -1 , zeB d 

we have 

(4.8) c/oK®o = (i-n«r 1 Ac. 

Indeed, the sequence of polynomials /„. G H 2 defined by 

n 

fn{z ) = ^ 2 (z,a) k 
k =0 

converges in the // 2 -norm to since 

OO 

\\u a ~fn\\ 2 = Y |a| 2fe —> 0 
fc=n+l 

as 71 —> 00 . Since 

n 

U 0 (f n ®0 = f n -A( = Y T (a) k A(, 

k =0 

formula (4.8) follows by taking the limit as n —» 00 . 

From (4.8) we find that 

(F(a)Ci,C 2 ) = (U 0 (u a © Ci), ^o(h« © < 2 )) = (U^UoUa © Ci ,u a © C 2 ) • 

By Proposition 4.3 we have Uq Uq = 1 — 4>4>*, and using the formula © C) = 

u a © $(a)*C of Proposition 2.4 we can write 

<F(a)Ci,C2> = <(l-^> a ®Ci,« a ®C 2 ) 

= (u Q © Cl,Ha © C2) - (u a © $(a)*Ci,«Q © $(a)*C2) 

= l|H Q || 2 ((Ci,C 2 )-(<h(«)*Ci, < l>(«)*C2)) 

= (l-|a| 2 )- 1 ((l-4>(a)4»(a)*C 1 ,C 2 ), 

and the corollary follows after multiplying through by 1 — |a| 2 . I 
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Lemma 4.9. Let E \, E 2 be Hilbert spaces with E- 2 finite dimensional, let $ G 
A4(Ei , E 2 ) be a multiplier, let <f> : 8B a —> B(Ei,E 2 ) be its boundary function (see 
Proposition 2.8), and let a be normalized measure on dB d . Then for a -almost every 
point z G dBd we have 

lim trace (&(rz)&(rz)*) = trace ($>(z)$(z)*). 

rfl 


proof. For any Hibert-Schmidt operators A,# G B(Ei,E 2 ) we have trace AA* = 
trace A* A and 

|y / trace(AA*) — y^trace (BB*)\ < (trace (|A — H) 2 )) 1 / 2 
(where we have written the usual \X\ 2 for X*X). Thus it suffices to show that 

lim trace 1 (rz) — <3>(z)| 2 = 0 


almost everywhere (da). 

Now since E 2 is finite-dimensional, the operator norm on B(E\, E 2 ) is equivalent 
to the Hilbert-Schmidt norm and since the space C 2 (Ei, E 2 ) of Hilbert-Schmidt 
operators is a Hilbert space with its natural norm 

||A|| 2 = (trace A*A) X ^ 2 , 

we may consider that the multiplier $ is a bounded holomorphic function from B d 
to the Hilbert space C 2 (Ei, E 2 ). The required assertion now follows from (2.6). | 


Theorem A. Let H be a Hilbert. A-module of finite positive rank, let F : Bd —> 
B(AH) be the operator function defined by (4-1), and let a denote normalized mea¬ 
sure on the sphere dBd■ Then for a-almost every z G Bd, the limit 

KHz) = lim(l — r 2 )traceF(r ■ z) 

rfl 


exists and satisfies 

0 < K 0 (z) < rankH. 

Moreover, the extreme case K 0 (z) = rankH (a.e.) occurs if, and only if, the 
closed submodule of H generated by the range of A is free. 

proof. The corollary of Proposition 4.3 implies that for all z G dBd and every 
r G (0,1) we have 

(1 — r 2 )F(rz) = 1 — <5>(rz)<5>(rz)*. 

From Lemma 4.9 we may conclude that for almost every z G 8 B d , 

lim(l — ? ,2 )trace F(rz) = rank# — trace $(z)$( 2 ;)*, 

7 * 11 


and hence the limit function Kfi ) is expressed in terms of by 
(4.10) K 0 (z) = trace (1 a h ~ 4 > (^)4)(^)*). 
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Since ||$(z)|| < 1 we have 0 < 1 a h ~ &{z)Q(z)* < 1a h and hence 

0 < K 0 (z ) < trace (1 a h ~ < trace 1 a h = rank(if) 

for almost every z G dB 

Now consider the extreme case in which 

(4.11) K 0 (z) = rank H, a.e. dcr(z). 

From formula (4.10) it follows that trace (4 , (z)4 , (z)*) = 0 for almost every z G dB^. 
Since the trace is faithful and since is uniquely determined by its boundary values, 
we conclude that $ = 0. Proposition 4.3 implies that Uq must be an isometry. Thus 
Uq is an isomorphism of H 2 0 AH onto the closed submodule of H 

M h = span{/ • : / G A, £ G Hj 


generated by AH. 

Conversely, if Mh is isomorphic to a free Hilbert module H 2 ®E then by a direct 
computation one finds that A is identified with the projection onto 10E C H 2 0E, 
hence AH is identified with E and U$ is clearly an isometry. By Proposition 4.3, 
the multiplier $ must be 0, and formula (4.10) shows that Kq(z) is the constant 
function with value trace 1 a h = rank IF. I 

We now define the curvature invariant of a Hilbert H-module H of finite rank, 

(4.12) K(H) = [ K 0 (z)da{z). 

JdB d 

The basic property of K(H) is that it is sensitive enough to detect exactly when a 
finite rank pure Hilbert module is free. 

Theorem 4.13. For every finite rank Hilbert A-module H, we have 

0 < K(H) < rank{H). 

If H is pure, then K(H) = rank(H) if, and only if, H = H 2 0 E is a free Hilbert 
A-module. 

proof. This is immediate from the preceding discussion after noting that for a pure 
Hilbert T-module H, the map Uq : H 2 0 AH —> H of (4.2) is a coisometry, and in 
particular 


H = Uq(H 2 0 AH) = Mh = span{/ • :/Gi, f £ H} 

is generated as a Hilbert A-module by the range of A. 


The curvature invariant also detects “inner sequences”. More precisely, let M be 
a closed submodule of the rank-one free Hilbert A-module H 2 . From the corollary 
of Theorem 5.9 below (Theorem 5.9 is proved independently of the discussion to 
follow) there is a Hilbert space E and a multiplier $ G A4(E,C) whose morphism 
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satisfies <£<&* = Pm- Choosing an orthonormal basis ei,e 2 ,... for E we obtain a 
sequence {</>„.} of multipliers of H 2 as follows 

<t>n(z) = (<&e n )(z) = ®(z)e n , n = 1 , 2 ,.... 

The associated multiplication operators V n f = <j> n ■ / satisfy 

(4.14) V 1 Vf + \ / 2 V 2 * + ■■■ = $$* = P M - 

For definiteness of notation, we can assume that the sequence 4>i > ^ 2 , • • • is infinite 
by adding harmless zero functions if it is not. 

Note that 

OO 

(4.15) sup £ \M *)\ 2 < I- 

Indeed, if {u a : a G B d } denotes the family of functions in H 2 defined in (1.1), then 
v a = (1 — |a| 2 ) 1 / 2 u a is a unit vector in H 2 which is an eigenvector for the adjoints 
of multiplication operators associated with any multiplier; thus for the operators 
V n we have V*v a = <f a (z)v a . Using (4.14) we find that 

OO OO OO 

£ \K{a)\ 2 = \\ V n V <x\\ 2 = Y ( V n V n v <x,V a ) = ( PMV a ,V a ) < 1, 

n= 1 n=1 n= 1 

and (4.15) follows. 

Therefore, the boundary functions 4> n : dB d —> C must satisfy 

OO 

£l^)l 2 < 1 

n =1 

almost everywhere with respect to the natural normalized measure a on dB^ and 
we will say that (4> n ) is an inner sequence if equality holds almost everywhere 

OO 

£ \<j) n (z)\ 2 = 1, a. e. (da) on dB d . 

71=1 

Significantly, we do not know if every sequence (4> n ) associated with an invariant 
subspace of H 2 as in (4.14) must be an inner sequence (see section 8). The following 
result shows the relevance of the curvature invariant for this problem. 

Theorem 4.16. Let M C H 2 be a closed submodule and let <f>i , 4 >2 > • • • be a se¬ 
quence in the multiplier algebra of H 2 whose multiplication operators satisfy 

Pm = + - 

Then (<f n ) is an inner sequence iff K(H 2 /M) = 0. 

proof. Let F be the direct sum of an infinite number of copies of H 2 and define 
$ E hom(T, H 2 ) by 

OO 

$(/l,/2,---) = £^n • fn- 

71= 1 
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Then = Pm- Letting U : H 2 —> H 2 /M be the natural projection, then U 
defines a minimal dilation of H 2 /M and we have 


U*U + < f*$* = 1 H 2. 


Writing 

K(H 2 /M)= [ K 0 (z)da(z ), 

JdB d 


we see from formula (4.10) that in this case 


K 0 (z) = 1 - %)%)* = 1 - ^ \Mz)\ 2 , 

n =1 


and therefore K(H 2 /M) = 0 iff \<j) n (z)\ 2 = 1 almost everywhere on dB 


We will discuss applications of Theorem 4.16 in section 8. 

5. Curvature operator: quantizing the Gauss map. 

Let us recall a convenient description of the Gaussian curvature of a compact 
oriented Riemannian 2-manifold M. It is not necessary to do so, but for simplicity 
we will assume that M C M 3 can be embedded in M 3 in such a way that it inherits 
the usual metric structure of M 3 . After choosing one of the two orientations of 
M (as a nondegenerate 2-form) we normalize it in the obvious way to obtain a 
continuous field of unit normal vectors at every point of M. 

For every point p of M one can translate the normal vector at p to the origin of 
M 3 (without changing its direction), and the endpoint of that translated vector is 
a point 7 (p) on the unit sphere S 2 . This defines the Gauss map 

(5.1) 7 : M -»• S 2 

of M to the sphere. Now fi xp£ M. The tangent plane T P M is obviously parallel to 
the corresponding tangent plane T^^S 2 of the sphere (they have the same normal 
vector) and hence both are cosets of the same 2-dimensional subspace FCM 3 : 

T p M = p + V , T l{p) S 2 = 1 [p) + V. 

Thus the differential dj(p) defines a linear operator on the two-dimensional vector 
space V, and the Gaussian curvature K (p) of M at p is defined as the determinant of 
this operator K(p) = det(Fy(p). K(p) does not depend on the choice of orientation. 
The Gauss-Bonnet theorem asserts that the average value of K( ) is the alternating 
sum of the Betti numbers of M 

[ K (P) = A) ~Pi + (h- 

J M 

In this section we define a curvature operator associated with any finite rank 
Hilbert A-module H. We discuss how it can be viewed as a quantized (higher¬ 
dimensional) analogue of the differential of the Gauss map 7 : M —> S 2 , we show 
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that the curvature operator is of trace class, that its trace agrees with the curvature 
invariant K(H ) of section 4, and we establish a key asymptotic formula for K(H). 

These considerations are best formulated in the following general setting. Let 
C be a finite dimensional Hilbert space and let F = H 2 <8> C be the free Hilbert 
A -module of rank r = dim (7. 

We may consider both H 2 ® C and the “Hardy” space H 2 (dB d ; C) of (7-valued 
functions as spaces of vector-valued holomorphic functions defined in the open 
unit ball B d . For H 2 <8> C this is described in Proposition 2.1. H 2 (dB d ;C ) is 
defined as the subspace of L 2 (dB d , da ; C ) obtained by closing the space of (7-valued 
holomorphic polynomials / : C d —> C in the L 2 (dB d , da; (7)-norm; and there is a 
natural way of extending functions in Fl 2 (dB d ; (7) holomorphically to the open ball 
B d [26]. Theorem 4.3 of [1] implies that these two spaces of holomorphic functions 
are related as follows 

(5.2) H 2 ®<7 C H 2 {dB d -C). 

Moreover, the inclusion map of (5.2) is a compact operator when d > 2. We will 
write F instead of H 2 ® (7, dF instead of H 2 {dB d \C ), and b : F —> OF for the 
inclusion map of (5.2). The nature of b and b*b will be described more precisely in 
Proposition 5.7 below. 

We define a linear map T : B(F) —■> B (dF) as follows 

(5.3) r (X) = bXb*. 

Remark 5-4■ We first record some simple observations about the operator mapping 
r. It is obvious that T is a normal completely positive linear map. T is also an 
order isomorphism because b is injective. Indeed, if T(X) > 0 then (X£,£) > 0 
for every £ in the range b*(dF), and b*(dF) is dense in F because b has trivial 
kernel. A similar argument shows that T is in fact a complete order isomorphism. 
However, in dimension d > 2 the range of T is a linear space of compact operators 
which is norm-dense in K(dF) but proper: T(B(F)) ^ IC(dF). Indeed, if the range 
of r were norm-closed then the closed graph theorem would imply that T is a linear 
isomorphism of the Banach space B(F) onto F(dF), which is obviously absurd since 
B(F) is inseparable. 

dF = H 2 (dB d ; (7) is a Hilbert A-module whose canonical operators Z\...., Z d 
are defined by Zkf(z) = (z , e*,) f(z ) for z € dB d , ei,..., e d being an orthonormal 
basis for C d . (Z\. ..., Z d ) is a pure subnormal d-contraction for which 

Z\Z X + • • • + Z* d Z d = 1, 

while 

Z X Z\ + • • • + Z d Z* d = 1 -Eq 

Eq denoting the projection of H 2 (dB d -,C ) onto the finite dimensional space of 
constant (7-valued functions, and 0ai?(A) = Z\AZ j* + • • • + Z d AZ* d is a normal 
completely positive map on B(H 2 (dB d ]C). 

Definition 5.4. dT : B(F) —> B{dF) is defined as the following linear map 

d 

dT(X) = T(X) - fi dF (T(X)) = T(X) - ^2 Z k T(X)Z* k . 

k=1 

We now define the curvature operator of a finite rank Hilbert A-module H. Let 
Uq : H 2 ® A H —> H be the homomorphism defined in section 1, 

= f G A, (eA H. 
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Definition 5.5. Let H be a finite rank Hilbert A-module and take F = H 2 <g> AH, 
dF = H 2 (dB d ;AH) above. The curvature operator of H is defined as the self- 
adjoint operator 

dF(UZU 0 ) e B(H 2 (dB d -AH)). 

Remarks. We have found it useful to think of the operator r(GgGo) as a higher¬ 
dimensional “quantized” analogue of the Gauss map 7 : M —> S 2 of (5.1), and of 
the curvature operator dTfUf Go) as its “differential”. Of course, this is only an 
analogy. But we will also find that dT(Gg Go) belongs to the trace class, and 

trace dr (Gg f/ 0 ) = K(H), 

the term K(H ) on the right being analogous to the average Gaussian curvature 

— f K = — [ dety(p). 

2 vr J M 2 t r 

On the other hand, K(H) is defined in section 4 as the integral of the trace (not 
the determinant) of an operator-valued function, and thus this analogy must not 
be carried to extremes. 

We also remark that the curvature operator can be defined in somewhat more 
concrete terms as follows. Let T(z) denote the operator function of z G C d defined 
in (0.2). T(z) is invertible for \z\ < 1, and hence every vector f £ H gives rise to a 
function f : B d —> AH by way of 

i(z) = A(i-T( Z rr 1 f, z e B d . 

It is a fact that f belongs to dF = H 2 (dF ; AH), and thus we have defined a linear 
mapping B : £ £ H 1 —> f £ dF. Indeed, the reader can verify that B is related to b 
and Go by B = 6 Gg , and hence the curvature operator of Definition 5.5 is identical 
with 

d 

BB* - ( f dF (BB*) = BB* - Z k BB*Zf. 

k =1 

We will not have to make use of the operator B in the sequel. 

Returning now to the general setting F = H 2 % C , dF = H 2 (dB d ;C), where 
C is a finite dimensional Hilbert space, we work out the basic properties of the 
operator mapping 

dr : B(F) -»• B(dF). 

The essential properties of the inclusion map b : F —> dF are summarized as follows. 
We will write E n , n = 0,1, 2,... for the projection of F = H 2 ®C onto its subspace 
of homogeneous (vector-valued) polynomials of degree n, and we have 

trace= dim{/ £ H 2 : f(Xz) = X n f(z),X £ C ,z€ C d } • dimC 
= q d -i(n) ■ dim C, 

where q d -\(x) is the d — 1 st term in the sequence of polynomials qo(x), qi(x),... 
of (3.3). Since this polynomial will play an important part in the remainder of this 
section, we reiterate its definition here: for d = 1 , q d -\{x) = 1 and otherwise 

{x + 1 )... (x + d — 1 ) 


(5.6) 


qd-i(x) 


d > 2. 
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Let E d be the corresponding sequence of projections acting on the Hilbert A-module 
dF. We will also write N and N for the respective number operators on F and dF, 

OO OO 

iV = £ nE n , N = J2 n E n - 

n=0 n=0 


Proposition 5.7. Let b : F —> dF be the natural inclusion. Then 

(1) bE n = E n b, ra = 0,1,2,.... 

(2) behom(F,dF). 

(3) b*b = q d _ 1 (N)-l = Zn= 

proof. Properties (1) and (2) are immediate from the definition of b. Property (3) 
follows from a direct comparison of the norms in H 2 and H 2 (dB d ). Indeed, if 
f,gE Ft 2 are both homogeneous polynomials of degree n of the specific form 

f(z) = (z : a) n , g(z) = (z, (3) n , a,/3eC d , 

then {f,g) H 2 = (P,a) n , whereas if we consider f. g as elements of H 2 (dB d ) then 
we have 

(bf,bg) = (f,g) H 2 {Bd) = q d -i(n)~ l (P,a) n , 
see Proposition 1.4.9 of [26]. Since E n H 2 is spanned by such f,g we find that for 

all f.gc- /.'„// 2 . 

= gd-i(n) -1 (f,g ) H 2 ■ 

Thus 

E n b*bE n = qd-ifn)- 1 E n = q d _i(N)~ 1 E n , 

and (3) follows for the case C = C from the fact that b*b commutes with E n and 

>:„/m >. 

If we now tensor both H 2 and H 2 {dB d ) with the finite dimensional space C then 
we obtain (3) in general after noting that dim(iCi<£) K^) = dim/Vi • dimfor finite 
dimensional vector spaces K 1 ,K 2 - I 


Remark 5.8. In the one-variable case d = 1, q d ~i(x) is the constant polynomial 1, 
and hence 5.7 (3) asserts the obvious fact that b is a unitary operator; i.e., there is 
no difference between Ft 2 and H 2 (S 1 ) in dimension one. 

In dimension d > 2 however, q d -\{x) is a polynomial of degree d — 1 > 1 and 
hence 

b*b = q d _ 1 (N)~ 1 

is a positive compact operator. Significantly, the operator b*b is never trace class. 
Indeed, the computations of [1, Appendix A] imply that b*b 6 C p iff p > > 1. 

Returning now to the discussion of dr, we begin by giving a description of the 
cone of all operators X whose “differential” dT(X) is positive. 

Theorem 5.9. Let F = H 2 ®C be a free Hilbert module. Then for any X € 13(F) 
the following are equivalent. 

(1) dT(X) > 0. 
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(2) There is a sequence • • • of bounded endomorphisms of F such that 

OO 

n=1 

(3) There is a free Hilbert module F and a bounded homomorphism of Hilbert 
A-modules <h : F —► F such that X = 

proof. We prove the sequence of implications (3) =>■ (2) =>■ (1) =>■ (3). 

proof of (3) ==> (2). Let F be a free Hilbert module and let <i> : hom(i ? , F) satisfy 
TT* = X. We may assume that F has infinite rank by adding a direct summand 
H 2 <S> i 2 to it, and by extending <i> to the larger free Hilbert module by making it 
zero on the summand H 2 <g> £ 2 . 

Assuming that this has been arranged, and taking note of the isomorphism 
F = F 0 F 0 ..., we may assume that F = F ® F ® ... is a direct sum of copies 
of F. Defining endomorphisms <h„ E £>(_F) by simply restricting <f> to the nth 
summand, we deduce the required representation 

OO 

X = • 

n= 1 


proof of (2) ==> (1). Since dr is a normal operator mapping, it suffices to show 
that dr(<hd>*) > 0 for every endomorphism <J> : F —> F. For that, write 

T($d>*) = bm*b* = (&$)(&$)*, 

where E hom(_F, OF) is the composite homomorphism of Hilbert A-modules. 
Thus if Ti,... ,Td are the canonical operators of F and Z\,..., Zj are those of dF, 
then we have Z k b<& = b&T k for every k, hence 

d d 

E z k m**)zt = &$(E nmm *, 

k —1 k =1 


and therefore 


d 

dT(m*) = 6$(1 -^T k T k )(W)* 

k= 1 


is a positive operator because (Ti,..., T,i) is a d-contraction. 


proof of (1) ==>■ (3). Let T\,..., T,i be the canonical operators of F, and suppose 
dl(X) > 0. We claim first that 


d 

(5.10) 0 <J2 T kXTk<X. 

k= 1 

To see that, note that for every k = 1,..., d we have bT k = Z k b, Z\,..., Z,i being 
the canonical operators of dF. Hence 


0 < dT(X) = bXb*~Yl Z k bXb*Z* k = bXb*-b {]E T k XT£)b* = T(X~E T k XTf 


k =1 


k= 1 


k= 1 
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Since T is an order isomorphism the latter implies A — T k XT k > 0, or 

(5.11) X - (/>(X) > 0, 

(j) being the completely positive map of B(F) defined by 

d 

( t>{A) = Y J T k AT* k . 

k= 1 

Free Hilbert A-modules are pure, hence 4> n ( 1) J, 0 as n —> oo. It follows that for 
every positive operator A E B(F) we have 0 < 4> n (A) < ||A||()> n (l), and hence 
<t> n {A) —» 0 in the strong operator topology of 13(F), as n —» oo. By taking linear 
combinations we find that lim^^oo <t> n (A) = 0 in the strong operator topology for 
every A E 13(F). 

Returning now to equation (5.11), we find that 

n 

X - r +1 (X) = ]T «/> fe (A - <j>(X)) > 0 

k= 1 

for every n = 1,2,... and since cj) n+1 (X) must tend strongly to 0 by the preceding 
paragraph, we conclude that X > 0 by taking the limit on n in the preceding 
inequality. Thus we may add the positive operator <fi(X) to (5.11) to obtain the 
desired inequality (5.10). 

Now consider the closed subspace K C F obtained by closing the range of the 
positive operator A' 1 / 2 . We will make K into a pure Hilbert A- module as follows. 

We claim first that there is a unique d-contraction T\,..., T ( j acting on K such 
that 

T k X 1 / 2 = X l / 2 T k , k = 1,2,... ,d. 

Indeed, the uniqueness of Tj,..., T ( j is clear from the fact that if £ E K and X = 
0, then £ = 0; that is simply because K is the closure of the range of A 1 / 2 , hence 
the kernel of the restriction of A 1 / 2 to K is trivial. 

In order to construct the operators T k it is easier to work with adjoints, and we 
will define operators A k = T k as follows. Fix k = 1 ,d and £ E F. Then by 
(5.10) we have 

d d 

Il^ 1 / 2 T ^|| 2 < ||A 1 / 2 T)*£|| 2 = (T k XT^,0 < (X£,£) = HA 1 / 2 ^ 2 , 

k=1 k=1 

and hence there is a unique contraction A k E B(K) such that 

(5.12) A k X 1/2 = A 1/2 T fe *, k = l,...,d. 

As in the previous estimate (5.12) implies 

j^\\A k X 1/2 i\\ 2 <\\X 1/2 i\\ 2 , 

k=1 


Cgf, 
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and hence A\A\ + - ■ ■ + A* d A c i < 1 k- Since the TJ* mutually commute, (5.12) implies 
that the A k must mutually commute, and we set T k = k = 1,..., d. 

Next, we claim that (Ti,...,T^) is a pure d-contraction in the sense that if 
<f) : B(K) —> B(K) is the map defined by 


d 

4>(A) = Y J T k AT*, 


k= 1 


then 4> n (lK) | 0 as n —* oo. Since {<f > n (1 /c) : n > 0} is a uniformly bounded 
sequence of positive operators, the claim will follow if we show that 

lirn ((f> n (l K )r),rj) = 0 

n —>oo \ / 


for all 7] in the dense linear manifold X x ! 2 F of K. But for rj = X 1 / 2 £, £ £ F, we 
have 

Since X l ^ 2 T k = T k X x / 2 for all k it follows that X x l 2 ^> n (\ k)X 1 / 2 = 4> n (X) for 
every n = 0 , 1 , 2 , ..., hence 

(fii^x^^x 1 / 2 ^) = (nx)^o < \\x\\ (rm,o 

and the right side decreases to zero as n —> oo because the free module F is pure. 

Using the operators T\,..., T d £ B(K) we now consider K to be a pure Hilbert 
H-module. By the basic dilation theory (see Theorem 1.14) there is a free Hilbert 
H-module F and a coisometry U £ hom (F,K). Thus if we denote the canonical 
operators of F by Si, ..., Sd, then we have USk = T k U for k = 1,..., d. Now define 
a linear operator <f> £ B(F,F) by $ = X 1 / 2 U. We have 

$S k = X^USk = X x ' 2 f k U = T k X^ 2 U = T k A >, 

so that <J> £ hom (F,F). Finally, since UU* = 1 k, it follows that 

4*<h* = x 1 / 2 uu*x 1 / 2 = X , 

and the proof of Theorem 5.9 is complete. I 


Remark. Notice that the proof of Theorem 5.9 made no use of the finite dimen¬ 
sionality of C, and in fact this result is valid verbatim for free Hilbert H-modules 
of arbitrary rank 1 , 2 , ..., oo. 

We digress momentarily to record the following (a fact associated with the dila¬ 
tion theory of [1, Theorem 8.5]) for later use. 
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Corollary. Let M be a closed submodule of H 2 <g C and let Pm be the projection 
onto M. Then there is a Hilbert space E and a partial isometry $ E hom (H 2 ® 
E , H 2 <g C ) such that Pm = Td)*. 

proof. Let S\,... , Sd be the canonical operators of H 2 <g C. Since 

SiPmSZ + • • • + S d P M S* d < P M 
and since bSk = Z k b, k = 1,..., d we have 


d 

dV(P M ) = b(P M - Y, S k P M S* k )b* > 0 

k =1 

and the conclusion follows from condition (3) of Theorem 5.9. I 


The importance of the cone 

V = {X E 13(F) : dT(X) > 0} 

for this work is that for every operator X in the complex vector space spanned by 
V. ciT(X) is trace class, and trace dT(X) can be expressed in terms of X by way 
of an asymptotic formula. 

Theorem 5.13. Let F = H 2 <g C , where C is a finite dimensional Hilbert space. 
For every operator X in the complex linear span of {X E B(F ) : dT(X) > 0}, 
dT(X) belongs to E 1 (dF) and 


trace (dT(X)) = dimC ■ lim trace ( X 

n —>00 trace E n 

E 0 , Ei,... being the sequence of spectral projections of the number operator of F. 

Theorem 5.13 depends on a general identity, which we establish first. 

Lemma 5.14. Let F = H 2 ®C be as in Theorem 5.13. Then for every X E 13(F) 
and n = 0,1, 2,... we have 


trace (dT(X)P n ) = dimC • 


trace (XE n ) 
trace E n 


where P n = E 0 + E-l + • • • + E n , {E n } being the spectral projections of the number 
operator of dF. 

Remark. Notice that all of the operators E n ,XE n ,dT(X)P n appearing in Lemma 
5.14 are of finite rank. Note too that traces on the right refer to the Hilbert space 
F , while the trace on the left refers to the Hilbert space dF. 

proof of Lemma 5.1 f. Let E n be the projection of H 2 onto its space of homogeneous 
polynomials of degree n. Then E n = E n (g 1 c, and hence 


trace= trace E n ■ dimC = qd~i(n) ■ dimC, 
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for all n = 0,1,... where qd-i(x) is the polynomial of (5.6). Thus we have to show 
that 

, . „ . ~ , trace (XE„) 

(5.15) trace (dT (X)P n ) =- - —r—, n = 0,1,.... 

qd-i{n) 

Using Proposition 5.7 we have qd~i(n)~ 1 E n = b*bE n = b*E n b and the right side 
of (5.15) can be rewritten 

- — t n - = trace (. Xb*E n b ) = trace (T(X)E n ). 

Qd-iyn) 

Setting Y = T(X) G B(dF), equation (5.15) becomes 

(5.16) trace ((Y — ^(F))P„) = trace ( YE n ), 

where cfgp is the completely positive map on B{dF) defined by the canonical op¬ 
erators of OF, 4> aF (A) = Z\ AZ'\ + • • • + ZdAZ* L . 

Notice that since Z^Z 1 + ■ ■ ■ + Z^Z d = 1 qf, 4>dF leaves the trace invariant in 
the sense that for A G £ 1 (9i ? ) we have 

d 

trace {c()qf{A)) = trace (^ Z£Z k A) = trace (A). 

k =1 

Moreover, the relations Z F P n = imply that cf>dF(A)P n = (j>QF(AP n -i) for 

n = 0,1,..., where of course P-\ is taken as 0. Thus 

trace (4> 9F (Y)P n ) = trace ((f>d F (YP n -i)) = trace (FP n _i) 
and the left side of (5.16) can be written 

trace ( YP n ) — trace ( (j>dF{Y)P n ) = trace ( YP n ) — trace (FP n _i) 
which agrees with the right side of (5.16) because P n — P n -\ = E n . I 

proof of Theorem 5.13. It suffices to show that for any operator X in B(F) for 
which dT(X) > 0, we must have trace (cCT(X)) < oo as well as the limit formula of 
5.13. From Lemma 5.14 we have 

(5.17) trace (dT(X)P n ) = dim C ■ —— ^ n \ n = 0,1,2 ,.... 

trace E n 

Theorem 5.9 implies that X must be a positive operator and hence 

0 < trace (XE n ) < 

~ trace E n ~ 

for every n because p n {A) = trace (AE n )/trace E n is a state of B(F). Since the 
projections P n increase to 1 qf with increasing n we conclude from (5.17) that 

trace (dT(X)) = sup trace (dT(X)P n ) < dim C ■ ||X|| < oo. 

n>0 

Moreover, since in this case 

trace (dT(X)) = lim trace (dF(X)P n ), 

n—>oo 

we may infer the required limit formula directly from (5.17) as well. I 

In view of Theorem 5.9, the following lemma shows how to compute the trace of 
dT(X) in the most important cases. 
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Lemma 5.18. Let Fp. = H 2 0 Ck, k = 1,2, where C 2 is finite dimensional, and 
let $ £ hom(Fi,F 2 ). Considering $ as a multiplier in A4(C\, C 2 ) with boundary 
value function $ : dBd —> B(C\, C 2 ) we have 

trace dT(<&<&*) = f trace (Q(z)&(z)*) da(z). 

JdB d 

Remark. Note that for cr-almost every z £ dBd , ^>(z)<h(z)* is a positive operator in 
B(C 2 ), and since C 2 is finite dimensional the right side is well defined and dominated 
by ||$|| 2 • dimC 2 . 

proof of Lemma 5.18. Consider the linear operator A : C\ —> H 2 (dB d ; C 2 ) defined 
by A( = 6(<h(l 0 ()), £ £ Ci. We claim first that 

(5.19) dT ($<!>*) = AA*. 

Indeed, since £ hom(Fi, H 2 (dBd,C 2 )) we have 

d d d 

E Z k b<r<r*b*Z* k = E Z fc (6$)(6$)*z fc * = &<b(E T fc T fc *)(M>)*, 

/c=l fc=l fc = l 

where Tj,..., T d are the canonical operators of F\ = H 2 0 C\, and hence 

d d 

dr($$*) = b<r(b<ry - E z k bm*b*z* k = b$(i Fl - E 

/c=l /c=l 

The operator 1^ — Y^k^kTh is the projection of Tj = 0 C*i onto its space of 

Ci-valued constant functions and, denoting by [1] the projection of H 2 onto the 
one dimensional space of constants C • 1, the preceding formula becomes 

dT{m*) = 6$([1] 0 1 Cl )(6$)* = AA*, 

as asserted in (5.19). 

Now fix an orthonormal basis e\, e 2 ,... for C\. By formula (5.19) we can evaluate 
the trace of dr(<h<h*) in terms of the vector functions ^4e n £ H 2 (dBd, C 2 ) as follows, 

(5.20) trace dr(d><I>*) = trace H 2 ( 9Bd ;C 2 )(AA*) = trace a {A* A) 

= E (A* Ae n , e n) = E \\A e n\\H 2 (dB d -,C 2 )- 

n n 

Turning now to the term on the right in Lemma 5.18, we first consider Ae n = 
6(<h(l 0 e n )) as a function from the open ball B d to C 2 . In terms of the multiplier 
<£(•) of d> we have 

Ae n (z ) = 6<J>(1 0 e n )(z) = ®(z)e n 

and hence the boundary values Ae n of Ae n are given by Ae n (z) = <h(z)e n for 
(7-almost every z £ dBd- Thus for such z £ dB d we have 

trace c 2 (^(z)4>(z)*) = trace Cl (&(z)*$(z)) = E ll$(0) e n|| 2 = E W Ae n( z )\\ 2 ■ 

n n 

Integrating the latter over the sphere we obtain 

trace c 2 ($( 2 ) $( 2 )*) da = E \\ Ae n\\ 2 H^(dB d -,C 2 ) 

n 

and from (5.20) we see that this coincides with trace dr(<f><I>*). I 



We now establish the main asymptotic formula for LL(H). 
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Theorem D. For every finite rank Hilbert, A-module H, the curvature operator 
dT(U^U 0 ) belongs to the trace class C 1 (H 2 (dB d \ AH)), and we have 


K(H) 


trace dT(UoU 0 ) 


d\ lim 

n —»oo 


trace (1 — fi n+1 (l)) 
n d 


where : 13(H) —> 13(H) is the canonical completely positive map associated with 
the A-module structure of H. 

Let A = (1 — (/((l)) 1 / 2 . We will actually prove a slightly stronger assertion, 
namely 

(5.21) K(H) = trace dT(U*U 0 ) = (d - 1)! lim tracc , 

n—>oo fl a 1 

We first point out that it suffices to prove (5.21). For that, let a k = trace 4> k (A 2 ), 
k = 0,1,2,.... Since 


1 - 0" +1 (l) = ]T fi k (l - </>(!)) = ]T fi k (A 2 


k=0 


k =0 


and since for every r = 1,2,... 


q r (n) = 


(n + 1)... (n + r) n r 


we have 


dl 


trace (1 — 4> n+1 (l)) trace (1 — fi n+1 (l)) ao + «i + • • • + a r , 


n u 


while 


(d-l)\ 


qd(n) q d (n) 

trace fi n (A 2 ) trace (f> n (A 2 ) a n 

- rsj - = - 

qd-i(n) qd-i(n) 


n 


d— 1 


Thus the following elementary lemma allows one to deduce Theorem D from (5.21). 

Lemma 5.22. Let d = 1,2,... and let ao,ai,... be a sequence of real numbers 
such that 


hrn - — 

n >OG Qd-i(n) 


= iel. 


Then 


ao + a\ + • • • + a n 
inn --- = L. 

n ^°° Qd(n) 


proof of Lemma 5.22. Choose e > 0. By hypothesis, there is an no G N such that 
(5.23) (L - e)q d -i(k) < a k < (L + e)q d - 1 (k), k>n 0 . 

By the recursion formula (3.2.2) we have 

n n 

Y qd-i(k) = Y (^(*0 ~ ~ 1 )) = &*( n ) _ - 1 )- 

k=no k=no 
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Thus if we sum (5.26) from n o to n and divide through by qd{n ) we obtain 


(L-e)( 1- 


qd(n 0 - 1), ^ a no H-ha. 


< 


<(L + e)( 1- 


<?d(™o - 1). 


Since g d (n) —> oo as n —> oo, the latter inequality implies 

T , + " • + ®n . do + • • • + a n , T 

L — e < iimmt--—-- < inn sup--—-- < L + e, 

n ~^ 00 Qd\Jl) n—>oo Qdyl) 


and since e is arbitrary, 5.24 follows. 


proof of Theorem D. Let Uo : H 2 ® AH — ► H be the homomorphism Uo{f <8> C) = 
/•AC defined in section 1 and discussed above. We claim that for every n = 0,1,... 

(5.24) trace0 n (A 2 ) = trace (t/^Lo-En), 

E n £ B{H 2 ® AH) being the projection onto the space of homogeneous polynomials 
of degree n. Indeed, from the discussion preceding (1.13) we have 

[i 0 ti 0 * = i-TO 

and since /(0°°(1)) = 0°°(1) we can write 

A 2 = 1 - /(l) = (1 - 0°°(1)) - /(I - <r (1)) = U 0 US - <KU 0 US). 


Thus 

(5.25) 4> n (A 2 ) = r(U 0 UZ) - r +1 (t/ 0 t/ 0 *). 

Write F = H 2 (g) AH, and let <f> F '■ B(F) —> B(F) denote its canonical completely 
positive map. Since Uo £ hom(F, iL) we have 

/ fc (Wo) = C/o4(1f)C/o 

for every k = 0,1,... . Moreover, 

r F (l F ) - ^ +1 (lu) = ^(1 f - <MM) = r F (E 0 ) = E n , 

so that (5.25) implies 

4> n {A 2 ) = U 0 E n U* 0 . 

The formula (5.24) follows immediately since 


trace H (U 0 E n Uo) = trace f (Uq U 0 E n ). 

By Proposition 4.3 there is a free module F and £ hom(.F, F) such that 

UqUq = 1 F -$$*. 
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Since both dT(lp) and dr(<3?<l>*) are positive operators by Theorem 5.9 (indeed 
dT(lp) is the projection of H 2 (dBd ; AH) onto its subspace of constant functions), 
it follows from Theorem 5.13 that the curvature operator dT(Uf is trace class 
and, in view of (5.24), satisfies 


(5.26) 


trace dT(UQU 0 ) 


lim 

n —kx) 


trace (U^UoE n ) 
qd-i(n) 


lim 

n—►oo 


trace <f n (A 2 ) 

qd-i(n ) 


Finally, we use (5.18) together with UqUo = lp — <£4?* to evaluate the left side 
of (5.26) and we find that 


trace dr(17oC/o) = [ trace (1 a h ~ da(z). 

JdB d 

Formula (4.10) shows that the term on the right is K{H). 


As in the case of the Euler characteristic, the asymptotic formula of Theorem D 
leads to the following result on stability under finite dimensional perturbations. 

Corollary 1: stability of curvature. Let Hq be a closed submodule of a finite 
rank Hilbert A-module H such that dim (H/H 0 ) < oo. Then K(H) = K(H 0 ). 

proof. This is proved by estimating exactly as in the proof of the corollary of Theo¬ 
rem C. Indeed, the estimates here are simpler because the trace is a linear functional. 
One finds that 

|trace (1# - <^ +1 (l H )) ~ trace (l/f 0 - <^ 1 (ltf 0 ))| < dim(H / H 0 )(l + qd-i(n + 1)). 

As in the proof of the corollary of Theorem C, one can multiply through by d\/n d 
and take the limit on n to obtain the required relation \K(H) — K(Hfi)\ <0. | 


We also point out the following application to invariant subspaces of the d- 
shift S\,... ,Sd acting on H 2 . In dimension d = 1 the invariant subspaces of the 
simple unilateral shift define submodules which are isomorphic to H 2 itself, and in 
particular they all have rank one. In higher dimensions, on the other hand, we can 
never have that behavior for the ranks of submodules of finite codimension. 

Corollary 2. Suppose that d> 2, and let M be a proper closed submodule of H 2 
of finite codimension. Then rankM > 2. 

proof. Theorem 4.13 implies that I\(H 2 ) = 1, and hence corollary 1 above implies 
that K(M ) = 1 as well. By [1,Lemma 7.14], no proper submodule of H 2 can be a 
free Hilbert module in dimension d > 1, hence by the extremal property of K(M) 
(Theorem 4.13) we must have rank(M) > K(M ) = 1. I 


Remark. Of course, the ranks of finite codimensional submodules of H 2 must be 
finite by Remark 3.14, and they can be arbitrarily large. 

Since the trace of a positive operator A is dominated by ||A|| -rank(A), Theorems 
C and D together imply that K(H) < x(H), and we conclude 
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Corollary 3. For every finite rank Hilbert A-module H, 

0 < K(H) < X (H) < rank(H). 

In the next section we will show that K{H ) = y(H) f° r graded Hilbert modules, 
but in section 9 we give examples of ungraded Hilbert modules for which K(H) < 
x(H). The inequality of Corollary 3 is useful; a significant application is given in 
Theorem E of section 8. 

6. Graded Hilbert modules. 

In this section we prove an analogue of the Gauss-Bonnet-Chern theorem for 
Hilbert A-modules. The most general setting in which one might hope for such 
a result is the class of finite rank pure Hilbert A-modules. By the discussion of 
section 1, these are the Hilbert A-modules which are isomorphic to quotients F/M 
of finite rank free modules F by closed submodules M. However, in Proposition 9.2 
we give examples of submodules M C H 2 for which K(H 2 /M) x{H 2 /M). In this 
section we establish the result (Theorem B) under the additional hypothesis that 
H is graded. Examples are obtained by taking H = F/M where F is free of finite 
rank and M is a closed submodule generated by a set of homogeneous polynomials 
(perhaps of different degrees). In particular, one can associate such a module H 
with any algebraic variety in complex projective space P' ,_1 (see section 9). 

By a graded Hilbert space we mean a pair H , T where H is a (separable) Hilbert 
space and T : T —> £>(H) is a strongly continuous unitary representation of the 
circle group T = {AeC:|A| = l}. Tis called the gauge group of H. Alternately, 
one may think of the structure H,T as a Z-graded Hilbert space by considering the 
spectral subspaces {H n : n E Z} of T, 

H n = E H : T(A)C = A"£, A G T}. 

The spectral subspaces give rise to an orthogonal decomposition 

(6.1) # = •••© H_i © Hq 0 Hi © .... 

Conversely, given an orthogonal decomposition of a Hilbert space H of the form 

(6.1) , one can define an associated gauge group T by 

OO 

r(A) = XUE n A € T 


E n being the orthogonal projection onto H n . 

A Hilbert A-module is said to be graded if there is given a distinguished gauge 
group r on H which is related to the canonical operators T),..., T d of H by 

(6.2) T(A)T fc T(A)- 1 = AT fc , k = l,...,d, A g T. 

Thus, graded Hilbert A-modules are those whose operators admit minimal (i.e., 
circular) symmetry. Letting H n be the nth spectral subspace of T, (6.2) implies 
that each operator is of degree one in the sense that 


Ti.H, 


n Q H 


n+U 


(6.3) 


k = 1,..., d, n € Z. 
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Conversely, given a Z-graded Hilbert space which is also an A-module satisfying 
(6.3), then it follows that the corresponding gauge group 

OO 

r(A) = X n E n 

n= — oo 

satisfies (6.2), and moreover that the spectral projections E n of T satisfy TkE n = 
E n+1 T k for k = 1 ,d. Thus it is equivalent to think in terms of gauge groups 
satisfying (6.2), or of Z-graded Hilbert A-modules with degree-one operators satis¬ 
fying (6.3). Algebraists tend to prefer the latter description because it generalizes 
to fields other than the complex numbers. On the other hand, the former descrip¬ 
tion is more convenient for operator theory on complex Hilbert spaces, and in this 
section we work mainly with gauge groups and (6.2). 

Let H be a graded Hilbert A-module. A linear subspace S C H is said to be 
graded if r(A)5 C S for every A £ T. If K C H is a graded (closed) submodule 
of H then K is a graded Hilbert A-module, and the gauge group of K is of course 
the corresponding subrepresentation of T. Similarly, the quotient H/K of H by 
a graded submodule K is graded in an obvious way. We require the following 
observation, asserting that several natural hypotheses on graded Hilbert modules 
are equivalent. 

Proposition 6.4. For every graded finite rank Hilbert A-module H, the following 
are equivalent. 

(1) The spectrum of the gauge group T is bounded below. 

(2) H is pure in the sense that its associated completely positive map of B(H) 
4>(A) = TiATf + • • • + TdAT*[ satisfies <j> n ( 1) | 0 as n —» oo. 

(3) The algebraic submodule 

M h = span{f - A ( : f e A, ( € AH} 

is dense in H. 

(4) There is a finite-dimensional graded linear subspace G C H which generates 
H as a Hilbert A-module. 

Moreover, if (1) through (4) are satisfied then the spectral subspaces ofF, 

H n = {feH: T(A)£ = X n fi} n € Z, 
are all finite dimensional. 

proof. We prove that (1) =$■ (2) (3) (4) ==>• (1). Let E n be the projection 

onto the nth spectral subspace H n of F and let T\ ,..., T ( j be the canonical operators 
of H. From the commutation formula (6.2) it follows that TfiTf + • • • + TfiTf 
commutes with T(A) and hence 

(6.5) r(A)A = Ar(A), A e T, 

where A = (1 - TjT*-T^TJ) 1 / 2 . 

proof of (1) =>• (2). The hypothesis (1) implies that there is an integer no such 
that E n = 0 for n < no- By the preceding remarks we have TkE p = E p+ iTk for 
every pGZ. Thus <f{E p ) = E p+ ifi(l) < E p+ \ , and hence fi n (E p ) < E p+n . Writing 

OO OO OO 

r(i) = r(Yl E v)= E ^(^ E 

p=no p=no p=no+n 
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the conclusion lim n </> n (l) = 0 is apparent. 

proof of (2) =>■ (3). Assuming H is pure, (1.13) implies that the natural map 
Uq G hom (H 2 © A H,H) defined by Uo(f ©£) = /• A( satisfies UqUq = 1, and 
therefore Mh = Uq(H 2 © AH) = H. 

proof of (3) =>■ (4). Assuming (3), notice that G = AH satisfies condition (4). 
Indeed, G is finite dimensional because rank (H) < oo, it is graded because of (6.5), 
and it generates H as a closed A-module because the A-module Mh generated by 
G is dense in H. 

proof of (4) =^* (!)■ Let G C H satisfy (4). The restriction of T to G is a finite 
direct sum of irreducible subrepresentations, and hence there are integers no < n\ 
such that 

G = G no © Gno+i © • • • © G ni 

where Gk = G n Hk ■ In particular, G C H no + H no+ 1 + .... Since the space 
H no + H no . |_i + ... is invariant under the operators ,..., T ( j by (6.3), we have 


H — spanA • G C H no + H no +i + .... 

Thus H = H no + H no .|_i + ..., hence the spectrum of T is bounded below by no- 
The finite dimensionality of all of the spectral subspaces of T follows from con¬ 
dition (4), together with the fact that for every n = 0,1,2,..., the space V n of 
operators {/(?i,... ,T d )} where / is a homogeneous polynomial of degree n is fi¬ 
nite dimensional and and V n maps Hf into Hk +n . I 


Theorem B. For every finite rank graded Hilbert A-module H satisfying the con¬ 
ditions of Proposition 6.4 we have K(H) = x(H). 

proof. Because of the stability properties of x(-) and K(-) established in the corol¬ 
laries of Theorems C and D, it suffices to exhibit a closed submodule Ho C H of 
finite codimension for which K(Hq) = x(Ho)- Hq is constructed as follows. 

Let {E n : n G Z} be the spectral projections of the gauge group 


OO 

T(A)= £ A n E, 

n= — 00 


Since A is a finite rank operator in the commutant of {E n : n G Z), we must have 
E n A = A E n = 0 for all but a finite number of n G Z, and hence there are integers 
no < n\ such that 

(6.6) A = A no + A„ 0 _)_i + • • • + A nx 

Afc denoting the finite rank positive operator AE^. 

We claim that for all n > n\ we have 


(6.7) 


f{E n ) = E n+ 1 . 
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Indeed, since H is pure (Proposition 6.4 (2)) we can assert that 

OO 

(6.8) 

p =0 

because 

n n 

£ <m 2 ) = £ <p p (1h - <ki h )) = i h- r + \i H ) 

p=0 p=0 

converges strongly to 1 h as n —> oo. Multiplying (6.8) on the left with E n we find 
that 

OO 

(6.9) E n = Y J E n r{ A 2 ), nGZ. 

p =0 

Using (6.6) we have 

ni 

E n r( a 2 ) = £ E n r(Ai). 

k=no 

Now A| < Ek and hence 0 P (A|) < Ek +P for every p = 0,1,.... Thus for n > n\, 

oo n\ ni n i 

£ £ E n (t?(Al) = £ ^- fc (A 2 fc ) = </) n “ ni (£ 0 ni - fc (AD). 

p=0 k=no k=no k=no 

This shows that when n > ni, E n has the form 

( 6 . 10 ) E n =r~ r ‘HB), 

where B is the operator 

n i 

b = £ ^- fc (A|), 

k=no 

and (6.7) follows immediately from (6.10). 

Now consider the submodule H 0 C H defined by 

OO 

Hu = £ E n H. 

n=n i 

Notice that PIq 1 is finite dimensional. Indeed, that is apparent from the fact that 

n i — l 

^ 

n =—oo 

because by Proposition 6.4 (1) only a finite number of the projections {E n : n < ni} 
can be nonzero (indeed, here one can show that E n = 0 for n < no), and Proposition 
6.4 also implies that E n is finite dimensional for all n. 
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Let cj )o : B(H 0 ) —> B(Hq) be the completely positive map of B{H 0 ) associated 
with the operators Tf f# 0 ,..., T d |"# 0 . Then for every A; = 0,1,.... we have 

OO 

4 fe ( i*o) = E 

n=ni 

From (6.7) we have <f k (E n ) = E n+ k for n > n i, and hence 

OO 

4 fe (lRo)= E E v 

p=m-\-k 

It follows that 

1 h 0 — ^*o +1 (-*-Ro) = B ni + E ni +1 + • • • + E ni +k 
is a projection for every fc = 0,1,.... Thus for every k > 0, 
trace (1h 0 - </>o +1 (1r 0 )) = rank(ltf 0 - 

and the desired formula K(Hfi) = x(iLo) follows immediately from Theorems C 
and D after multiplying through by d\/k d and taking the limit on k. I 


7. Degree. 

Theorem C shows that the Euler characteristic (of a finite rank Hilbert A- 
rnodule) vanishes whenever the rank function rank(l — cf> n+1 (l)) grows relatively 
slowly. In such cases there are other numerical invariants which must be nontrivial 
and which can be calculated explicitly in certain cases. In this brief section we 
define these secondary invariants and summarize their basic properties. 

Let H be a finite rank Hilbert H-module. Consider the algebraic submodule 

M h = span{/ • : / <E A, £ € Hj 

and its natural filtration {M n : n = 0,1, 2,... } 

M n = span{/ • : deg f <n, £ G H}. 

By Theorem 3.4 there are integers cq,ci, ... ,Cd such that 
(7.1) dim M n = c 0 q 0 {n ) + cigi(n) H-h c d q d (n ) 


for sufficiently large n. Let k be the degree of the polynomial on the right of (7.1). 
We observe first that the pair (k,Ck) depends only on the algebraic structure of 
M h . 

Proposition 7.2. Let M be a finitely generated A-module, let {M n : n > 1} be a 
proper filtration of M, and suppose M {0}. Then there is a unique integer k, 
0 < k < d, such that the limit 


fi(M) = k\ lim 

n—>oo 


dim M n 
n k 
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exists and is nonzero. p(M) is a positive integer and the pair ( k,p(M )) does not 
depend on the particidar filtration {M n }. 

proof. By Theorem 3.4 there are integers cq, ci,..., c d such that 
dim M n = c 0 q 0 {n ) + ciqfin) H-h c d q d (n ) 


for sufficiently large n. Let A: be the degree of the polynomial on the right. Noting 
that q r {x) is a polynomial of degree r with leading coefficient 1 /r!, it is clear that 
this k is the unique integer with the stated property and that 

dim M n 

p = k\ Inn - 7 — = c fc 

n—>oc Tl k* 


is a (necessarily positive) integer. 

To see that (k,p) does not depend on the filtration, let {M' n \ be a second 
proper filtration. { M' n } gives rise to a polynomial p'(x) of degree k' which sat¬ 
isfies dim = p’{n) for sufficiently large n. As in the proof of Proposition 3.7, 
there is an integer p such that dim M n < dim M' n+p for sufficiently large n. Thus 


0 < k\ lim 


dim Mr, 


n" 


< kl lim sup ■ 


dim M, 


n+p 


n" 


Now if k were greater than k' then the term on the right would be 0. Hence k <k' 
and, by symmetry, k = k'. 

We may now argue exactly as in the proof of Proposition 3.7 to conclude that 
the leading coefficients of the two polynomials must be the same, hence p = p!. | 


Definition 7.3. Let H be a Hilbert A-module of finite positive rank. The degree 
of the polynomial (7.1) associated with any proper filtration of the algebraic module 
Mh is called the degree of H , and is written deg(77). 

We will also write p(H) for the integer 

associated with the degree of H. If Mh is finite dimensional and not {0} then 
the sequence of dimensions dim M n associated with any proper filtration {M n } is 
eventually a nonzero constant, hence deg(77) = 0 and p(H) = dim(T7); conversely, 
if deg(77) = 0 then Mh is finite dimensional. In particular, deg H is a positive 
integer satisfying deg(77) < d whenever the algebraic submodule Mh is infinite 
dimensional. 

Note too that deg(77) = d iff the Euler characteristic is positive, and in that 
case we have p(H) = x(H). In general, there is no obvious relation between 
deg(77) and rank(77), or between p(H) and rank(77). In particular, p(H) can be 
arbitrarily large. The operator-theoretic significance of the invariant p{H) is not 
yet understood. An example for which 1 < deg(77) < d is worked out in section 9. 

Finally, let f> be the completely positive map associated with the canonical op¬ 
erators Ti,... ,T d , 


4>{A) = TiATf + • • • + T d AT*, 


A e 73(77) 
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and consider the generating function of the of the sequence of integers rank(l — 
0 n+1 (l)), n = 0,1,2,, defined as the formal power series 

OO 

(7.4) (f>(t) = rank(l — o"' , J (1))/". 

71=0 


We require the following description of deg(i7) and p{H) in terms of 4>(t). 

Proposition 7.5. The series f>(t ) converges for every t in the open unit disk of 
the complex plane. There is a polynomial p(t) = ao + ait + - ■ ■ + a s t s and a sequence 
cq, ci, ... ,Cd of real numbers, not all of which are 0, such that 




Cd 

(1 -*)<*+! ’ 


m < i- 


This decomposition is unique, and Ck belongs to Z for every k = 0,1,..., d. deg (H) 
is the largest k for which Ck / 0, and p(H) = c k - 

proof. The proof of Theorem C shows that rank(l — <f n+1 {\)) = dimM n , where 
{M n :n=l,2,...}is the natural filtration of Mh, 


M„ = span{/ • £ : deg(/) < n, £ G AH}. 


Since each q r (x) is a polynomial of degree r, formula (7.1) implies that there is a 
constant K > 0 such that 


dimM n < Kn d , n = 1, 2,... , 


and this estimate implies that the power series dim M n t n converges absolutely 
for every complex number t in the open unit disk. 

Note too that for every k = 0,1,..., d the generating function for the sequence 
qk(n), n = 0 ,1,... is given by 

OO 

(7.6) q k (t) = Qk{n)t n = (1 - t)“ fe_1 , \t\ < 1. 

71=0 

Indeed, the formula is obvious for k = 0 since qo(n) = 1 for every ra; and for positive 
k the recurrence formula 3.2.2, together with ^(0) = 1, implies that 

(1 - t)q k (t) = qif-iit), 

from which (7.6) follows immediately. 

Using (7.1) and (7.6) we find that there is a polynomial f(x) such that 

p.7) = 

as asserted. 

(7.7) implies that <f extends to a meromorphic function in the entire complex 
plane, having a single pole at t = 1. The uniqueness of the representation of 

(7.7) follows from the uniqueness of the Laurent expansion of an analytic function 

around a pole. The remaining assertions of Propostion 7.5 are now obvious from 
the relation that exists between (7.1) and (7.6). I 
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8. Applications: inner sequences and graded ideals. 

Let M be a closed submodule of the free Hilbert module H 2 = H 2 (C d ) in 
dimension d > 2. Theorem 5.9 implies that there is a (finite or infinite) sequence 
of multipliers <f> n of H 2 whose associated multiplication operators satisfy 

(8.i) j2 M ^M; n = p M , 

n 


Pm denoting the orthogonal projection of H 2 on M. 

Remarks. If <h = {(f> i, c/> 2 , ■ ■ ■ } is a finite set then we require that it be linearly inde¬ 
pendent. If <h is infinite then the appropriate condition is that for every sequence 
A = (A n ) 6 i 2 we have 


OO 

(8.2) ^2 ^n4>n = 0 =^> Ai = A 2 = • • • = 0. 

n= 1 


It is best to think of conditions (8.1) and (8.2) in terms of dilation theory. (8.1) 
asserts that the operator A 6 hom(iL 2 <S> £ 2 , H 2 ) defined by A{f g) A) = / • A n (j) n 

gives rise to a dilation of the pure Hilbert A-module M 

H 2 <g> t 2 —> M —► 0 

A 

and (8.2) asserts that it is the minimal dilation of M in that condition (4) of 
Proposition 1.9 is satisfied. 

The uniqueness of minimal dilations leads to the following description of all 
possible sequences T = ■ ■ ■} which also satisfy (8.1) and (8.2). For defi¬ 

niteness, suppose that is infinite. Then T must also be infinite and it is related 
to <J> through an infinite unitary matrix of scalars (A. (J ) as follows, 


^ k 1 , 2 ,.... 

3 = 1 

If <J> is a finite set with N elements then so is T, and the connecting matrix (Xij) in 
this case is an element of Un{ C). Since we will obtain stronger results for graded 
submodules later in the section, we omit these details. 

We have seen in (4.15) that any sequence of multipliers <h = {^i, ^> 2 , • • • } satisfy¬ 
ing (8.1) obeys )T) T) |</>(z)| 2 < 1 for every 2 ; £ Bd, and hence the associated sequence 
of boundary functions (j) n : dBd — » C satisfies Yh n I <t>n(z)\ 2 < 1 almost everywhere 
da on the boundary dBd- <3? is called an inner sequence if equality holds 

= 1 


almost everywhere {da) on dBd- 

We do not know if every nonzero closed submodule M C H 2 is associated with 
an inner sequence via (8.1); but the following result covers many cases of interest. 
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Theorem E. Let M be a closed submodule of H 2 which contains a nonzero polyno¬ 
mial. Then every sequence $ = {0i, <f> 2 , ■ ■ ■ } satisfying (8.1) is an inner sequence. 

proof. Consider the rank-one Hilbert module H = H 2 /M. The natural projection 
U : H 2 —> H 2 /M provides a minimal dilation 

H 2 —* H 2 /M —> 0 
u 

hence the algebraic submodule of H is given by 

M h = U{A) = (A + M)/M = A/A n M. 

Thus the annihilator of Mh is An M {0}. A theorem of Auslander and Buchs- 
baum (Corollary 20.13 of [14], or Theorem 195 of [18]) implies that x(M#) = 0. By 
Corollary 2 of Theorem C we have K(H) = x(M) = x(M#) = 0, and the assertion 
follows from Theorem 4.16. ■ 


We turn now to the discussion of graded ideals in A and graded submodules of 
H 2 . Consider the free Hilbert module H 2 as a graded module with gauge group 

(T 0 (\)f)(z 1 ,...,z d ) = f(\z 1 ,...,\z d ) ACT, feH 2 . 

Every closed graded submodule M C H 2 decomposes into an orthogonal direct sum 


M = M 0 © Mi © M 2 © ... 

where M n = {/ £ M : To(A)/ = A n /} consists of all elements of M which are 
homogeneous polynomials of degree n. The (nonclosed) linear span 


I = M 0 + Mi + M 2 + ... 


is a graded ideal in the polynomial algebra A = C[z\,..., zj] which is dense in M 
in the norm of H 2 . This association I M = I between graded polynomial ideals 
and graded submodules of H 2 is bijective. 

These remarks show that one can apply the Hilbert space methods of this paper 
to gain information about the structure of graded ideals in the algebra A. We base 
our approach to such questions on the notion of metric basis. We show that metric 
bases are inner sequences, and that they are necessarily infinite whenever the ideal 
is of infinite codimension in A. This has direct implications for infinite dimensional 
pure rank-one graded Hilbert modules H: such a Hilbert module H is either free 
(i.e., H = H 2 ) or its minimal resolution into free Hilbert modules 

• • • —* F'2 —* F\ —> H —> 0 

becomes infinite at F 2 in that F 2 = H 2 ®i 2 is a free Hilbert module of infinite rank. 

Let I be a graded ideal in A = C[^i,..., Zd\- By a generator for / we mean a 
(finite or infinite) set of homogeneous polynomials of I which is linearly indepen¬ 
dent (i.e., every finite subset is linearly independent) and which generates / in the 
sense that every element g £ I can be written as a finite linear combination 


(8.3) 


9 — fl ' <^1 + fl ' $2 + ‘ ‘ ‘ + fr ' 4>r- 
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where f \, f‘ 2 , ■ ■ ■ € A and 4>i , 02 , • • •, 0r £ 4>. Of course, Hilbert’s basis theorem 
implies that every ideal of A has a finite generator; but since we want to relate 
generators closely to the natural norm on A. we must work with infinite generators. 

A generator d> is said to be contractive if for every finite set 0i,..., 0 r of distinct 
elements of <f> and / 1 ,..., f r G A we have 

(8-4) 1101 • /l + • • • + 0r • fr || 2 A ||/l || 2 + • • • + ||/r || 2 - 

Any generator can be made into a contractive one by scaling down its individual 

members appropriately. 

Definition 8.5. Let I be a nonzero graded ideal in A. A metric basis for I is 
a contractive generator with the following additional property; every polynomial 
g G I of degree n admits a representation of the the form (8.3) where 0i,..., 0 r are 
distinct elements of and where / 1 ,..., / r , 0 i,..., 0 r together satisfy 

( 1 ) deg 4> k + deg f k < n, k = 1 ,..., r and 

(2) ||ff|| 2 = ||/ 1 || 2 + -" + ll/rf- 

Remarks. Property (1) implies that the degrees of 0i,..., <f> r are as small as they 
could possibly be, and ( 2 ) asserts that the norm of the r-tuple (fi, ■ ■ ■, f r ) is as 
small as the contractivity hypothesis allows. The price one has to pay for these 
two favorable conditions is that metric bases are typically infinite (see Theorem 
F below), and in such cases the lengths r of the expressions appearing in (8.3) 
are unbounded as g varies. Nevertheless, if one uses a metric basis to represent 
polynomials g of degree at most n as in (8.3), then one has good control over the 
length of such expressions in terms of n. More precisely, for every polynomial g of 
degree at most n, there is a minimum length r = r(g) of expressions of the form 
(8.3). In remark 8.10 we exhibit explicit upper bounds for the sequence Ni, N 2 , ■ ■ ■ 
defined by 

N n = max{r(sO : g € A, deg g < n } 
in terms of n and the defect operator A of the Hilbert A-module / C H 2 . 

Another feature of metric bases is that they can be written down quite explicitly, 
as we now show by exhibiting a metric basis for an arbitrary graded ideal I 7 ^ { 0 }. 
Let M = I be the corresponding graded submodule of H 2 , and let T)...., T ( j be the 
canonical operators of M, T k f = z k f , / G M. Let A = (1 m — — — X^TJ ) 1 / 2 

be the defect operator of the Hilbert A-module M, and let G be the Hilbert space 
G = AM. The restriction of A to G is a positive contraction with trivial kernel. 
Since the gauge group Tq of H 2 leaves M invariant and commutes with A, it follows 
that 

T g (A) = r 0 (A) r G , A g T 

defines a grading on G, and we obtain a decomposition 

A |g= A 0 + Ai + A 2 + ... 

where A„ = AP Gri is a positive finite rank operator whose restriction to the space 
G n C G of homogeneous polynomials of degree n in G is positive definite. For each 
n = 0 , 1 , 2 ,... let be an orthonormal basis for G n consisting of eigenvectors of 
A. Note that every element 0 £ T is associated with a positive eigenvalue A of A, 
Afj = A0. We define <f>„ = AT n , and 

( 8 . 6 ) $ = $0 U U $2 U ■ • • = AT. 

By construction, the elements of <J> are nonzero mutually orthogonal homogeneous 
polynomials, and in particular <f> is a linearly independent set. 
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Proposition 8.7. The set $ defined by (8.6) is a metric basis for I. 

proof. The proof is a direct application of the dilation theory summarized in section 
1. Consider the free Hilbert module F = H 2 <S> G = H 2 <g> AM, and define the 
operator U £ hom(i ? , M ) by 

U{f ®g) = f ■ Ag, f £ A geG. 

Because M is a pure Hilbert H-module, U is a coisometry. 

Since M C H 2 we can think of U as an element of hornfiy H 2 ), and then we have 
UU* = Pm , Pm denoting the projection of H 2 onto M. We can make F = H 2 <8> G 
into a graded Hilbert module by introducing the gauge group 

I>(A) = r 0 (A)®r G (A), A £ T. 

Notice that U is a graded operator in the sense that To(A )U = UTp(X), A £ T. 
Indeed, for / £ A and g £ G 

U(T F (X)(f « g)) = U(T 0 (X)f ® T 0 (A )g) = T 0 (A)/ • AT 0 (X)g 

= r 0 (A)/ • (r 0 (A)Ag) = r 0 (A)(/ • A g ) = r 0 (A )u(f <g> g ), 


and the assertion follows because H 2 ®G is spanned by such elements f<S>g. Letting 
{E n : n = 0,1,... } and {E n : n = 0,1,... } be the spectral projections of To and 

IV, 

oo oo 

r 0 (A) = X n E n , r F (A) = X 71 E n 

71=0 71=0 

then we have 

(8.8) UE n = E n U, n = 0,1,2,- 

We claim now that d> satisfies the contractivity condition (8.4). For that, let 
4>i,... ,4> r be distinct elements of 4>. Then there are positive numbers Ai,..., A r 
and an orthonormal set ifi,... ,if r £ T such that <fk = Aif^ = X^ifk, k = 1 ,r. 
Thus for fi,..., f r £ A we have 

r r r 

^fk- (t>k = ^fk- AV’fc = u(^2 fk <S) V’fc)- 

k =1 k =1 k =1 

Since ||C/|| < 1 and ifi, ... ,i( r is an orthonormal set in G we have 

r r r 

li J^fk- M 2 < II ® V’fcll 2 = 

k =1 k =1 /c=1 


and the assertion follows. 

It remains to show that for every polynomial p £ / with degp = n, there are 
elements <j)i,... ,(f> r £ 4> and /i,..., f r £ A satisfying p = /i • (fi + • • • + f r ■ 4> r 
along with conditions (1) and (2) of Definition 8.5. Fixing p, define an element 
i £ H 2 ® G by 

e = (^o + + • • • + E n )U*p. 
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Note first that U£ = p. Indeed, since UU* = Pm we have UU*p = p and using 
(8.8) we have 


U£ = u«Y E k )U*p) = QT E k )UU*p = Y, EkP = p. 

k =0 k =0 k =0 


It is also clear from its definition that £ belongs to EqF + E\F + ... E n F. Since 
the gauge group of F is a tensor product F F (X) = r 0 (A) <g> Tg(A), we have 

k 

E k F = Y H l®Gk- P 

p —o 


and hence 


EqF + EiF + ... E n F C Y^ H p ® G i '■ P’ ^ > 0, P + q < n}. 

Noting that IF 2 ® is spanned by elements of the form / <g) ijj with / G IF 2 and 
V’ G 'F 9 , it follows that £ has a decomposition of the form 

(8.9) £ = /i <g> Vh + fi <S> ^2 H-1- f r <8) Vv 

where ipi , • • •, Vv are distinct elements of \F and where deg f k + deg V’fe < n - Setting 
( i> k = A'!/’*, G $ we have deg <f> k = deg V’fc and 

7* r 

p = u£ = Yf k ■ = ^2fk- fa- 

k =1 fc=l 

Finally, we claim that ||p|| 2 = ||/i|| 2 + • • • + ||/ r || 2 . Indeed, since Vh, • • •,Vv are 
orthonormal in G, (8.9) implies that 

ll/lll 2 + • • • + II/rII 2 = Ikll 2 = 11(^0 + ••• + ^)C/*p|| 2 < ||C/>|| 2 < ||p|| 2 , 

while since satisfies (8.4) we must have the opposite inequality 

\\fi\\ 2 + ■ ■ ■ + \\fr\\ 2 > M 2 , 


and the proof is complete. 


Remark 8.10. Let I be a graded ideal in A and let g G I be a polynomial of degree 
at most n. We can estimate the length r of a representation g = /i • </>i + • • • + f r • 4> r 
satisfying the conditions of Definition 8.5 as follows. Let A be the defect operator of 
M = I and let A k denote its restriction to the subspace M k = I k of homogeneous 
polynomials of degree k. Since by property (1) of Definition 8.5 the elements 
(j>i ,..., (j> r must all belong to 4>o U <&i U • • • U 3> n and since the cardinality of is 
the rank of A k we conclude that 


r < rankAo + • • • + rankA n . 



THE CURVATURE INVARIANT OF A HILBERT MODULE OVER C[zi,...,z d ] 59 


We now take up the issue of uniqueness of metric bases. Let S = {£ 1 ,... , £ m } 
and T = {r/i,... ,r] m } be two finite linearly independent sets of vectors in a Hilbert 
space H. We say that S ~ T if m = n and there is a unitary matrix (uij) G M n (C) 
such that 

n 

(8.11) Vi = 22 Ui ^P 1 = 1,..., n. 

3 = 1 

More specihcally, if <L and T are two linearly independent sets of homogeneous 
polynomials in H 2 then we say that <3> and 'L are equivalent (written <J> ~ T) if 
< h „ ~ T,, for every n = 0,1,2,... where (resp. T,,.) denotes the set of all 
elements of $ (resp. T) which are homogeneous of degree n. We now show that 
any two metric bases for a graded ideal I of A are equivalent. That result is based 
on the following. We use the notation £ <S> fj to denote the rank-one operator 

C ^ {(,v)£ 

associated with a pair of vectors £, in a Hilbert space. 

Lemma 8.12. Let S = {£i,... ,£ m } and T = { 771 ,... ,rj n } be linearly independent 
sets of vectors in a Hilbert space H such that 

m n 

^2 Zk & (k = 22 r l:i ® f h ■ 
fc=i j =1 

Then S ~ T in the sense of (8.11). 

proof. Consider the linear map A : C m —► H defined by 

Az — ^ 1^1 T ■ ■ ■ T z m ^ m . 

After endowing C m with its usual inner product, one finds that the adjoint A* : 
H —> C m is given by 

and therefore 

m 

AA* = 22^k^> Ck- 

k =1 

Because of linear independence we have ker A = {0}, and hence A*H = C m . 

By the polar decomposition, there is a unique isometry U : C m —> H having 
range AC m such that A = PU, where P = ( AA *)V 2 . Doing the same with the 
set T we obtain a similar operator B : C n —> H having trivial kernel such that 
BB* = AA* = P 2 , and an isometry V : C n —► H having range B C n such that 
B = PV. 

Since AC m = BC n = PH, the operator W = U*V G B(C n ,C m ) is unitary and 
satisfies AW = B. Thus m = n and, letting (w. t j) be the matrix of W relative to 
the usual orthonormal basis e\,... ,e n for C n we find that 

n n 

Vi = Be i = AW a = 22 w ijAej = 22 
3 = 1 j =1 
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as required. 


Remarks. We point out that the converse of Lemma 8.12 is true in the sense that 
if {£ 1 ,..., £„ } is any set of vectors in a Hilbert space and rft, ..., rj n is related to 
{£ 1 ,..., £ n } by way of a unitary n x n matrix as in (8.11), then one verifies by direct 
computation that 

n n 

^ 6c ® Ifc = ^ ® fjk■ 

k =1 k =1 

Let P be a finite rank positive operator on a Hilbert space H. There is an 
orthonormal basis {ei,... ,e r } for the subspace PH consisting of eigenvectors for 
P, Pej = Xje.j , j = 1,... ,r, and one has A j > 0 for every j. Setting f k = y/Xfek we 
have P = £i <g> 6 l + • • • + <8> f r , and of course {6 l,..., f r } is linearly independent. 

If rh, ■■■ ,r) s is any other linearly independent set which represents P in a similar 
way P = rft <g) f)\ + • • • + rj s 0 fj s then the i]k do not have to be eigenvectors of 
P, but Lemma 8.12 implies that s = r and that { 771 ,... ,r/ r } is obtained from the 
eigenvector sequence {£ 1 ,... ,£ r } by a simple rotation as in (8.11). 

We also point out that the proof of Lemma 8.12 is closely related to the con¬ 
struction of the metric operator space associated with a normal completely positive 
map (j) '■ —> 13(H) and in fact Lemma 8.12 extends in an appropriate way 

(with a proof similar to the one given) to infinite sets of vectors [2]. 

In view of Lemma 8.12, the uniqueness of metric bases will follow from 

Proposition 8.13. Let T be a metric basis for a nonzero graded ideal I in A, let 
A = (1 — TjTj* — ••• — TdT^) 1 / 2 be the defect operator of M = I, and let E n be 
the projection of H 2 onto the space of homogeneous polynomials of degree n. Then 
AE n = 0 iff Tn = 0, and when T n = {V’i, ..., if s } / 0 we have 

S 

= A 2 E n . 

k =1 


proof. The idea of the proof is similar to that of Proposition 8.7, in that one con¬ 
structs a graded minimal dilation of the Hilbert A-module / C H 2 using the metric 
basis T, and then simply verifies that the required property holds. However, the 
details are different enough that we include them. 

Let G be the graded Hilbert space f 2 ('L) of all square summable functions / : 
T —> C with gauge group Tg 

(T g (A)(/))(V 0 = A de ^/ W , 

We identify the delta function concentrated at an element if £ T with if itself, so 
that T becomes an orthonormal basis for G consisting of eigenvectors of Tg- 
We will work with the graded free Hilbert module F = H 2 ® G, T^? = To<8 >Tg. 
Since T is an orthonormal basis for G, every element has unique expansion 

£ = XT f^ ® ^ 

ipe'S’ 
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where fy, ^ € T, is a sequence of elements of H 2 satisfying 

( 8 .i 4 ) lien 2 =£ HAIL 

■4>e'S< 

If f\ ..... /,. is a set of polynomials in A and ipi ,..., ip r are distinct elements of 
then by (8.4) we have 

||/l • A + ■ ■ ■ + fr ■ Ipr II 2 < ||/l II" + • • • + \\fr \\ 2 = || fl <S> A + ' ' ' + fr 'A [I fe¬ 
lt follows that there is a unique bounded operator [/ : F —► I satisfying U(f <8>V ; ) = 
/ •'(/’ for every / 6 4, ^ £ f, and of course ||C/|| < 1 and 1/ 6 hom(I\ /). 

Note that 

77 2 0 G —> I —10 

u 

is a graded minimal dilation. That is to say, UT A) = Tq(X)U and U is a coisom¬ 
etry: UU* = 1/. Indeed, one sees that U is graded exactly as in the proof of 
Proposition 8.7, and the conditions of Definition 8.5 imply that U is a partial isom¬ 
etry with dense range. In more detail, the range of U obviously contains /, and for 
a given element g £ I we can find a representation 

9 = h ■ A d-b fr ■ Vv 

which satisfies the conditions (1) and (2) of Definition 8.5. Setting 

£ = fi <8> Vh H-f fr <8> Vv £ T = A <8> G 

we find that 5 and ||£|| 2 = ||/i || 2 + • • • + ||/ r || 2 = ||g|| 2 . Since ||C/|| < 1, U 

must be a partial isometry. That this dilation is minimal is clear from condition 
(4) of Proposition 1.9. 

The left side of the formula of Proposition 8.13 is calculated as follows. Since 
4 > n = {tpi ,..., ip s } it follows that {A, ■ • ■, A} is an orthonormal basis for G n . 
Letting D n be the projection of G onto G n and letting 1 be the constant function 
of H 2 , then {1 <8> A : k = 1,... s} is an orthonormal basis for the range of the 
projection E 0 <g) D n £ B(H 2 <g) G). Since 17(1 <g> A) = ipk € 7, we have 


k =1 k =1 

s 

= U(%2(1 ® Vfc) ® (l¥V^))D* = U(E 0 <g> D n )C7*. 

fc=l 


Since the nth spectral projection E n ofTp is related to E 0 <8> D n by 

A(A ® 1g) = A ® Ax, 

the right side of the preceding formula is 


UE n (E 0 ® 1 G )D* = E n U(Eo ® 1 g )I7 
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because U is graded, E n being the projection of H 2 onto the space H 2 . We conclude 
that 

S 

(8.15) £ ipk <8) V’fc = E n U(E 0 <g> 1 G )C*. 

fe=i 


Recalling that A commutes with E n , we can obtain the desired formula by 
showing that 

(8.16) U(Eq <g> 1g)U* = A 2 . 

Indeed, (8.16) is a general formula satisfied by all minimal dilations such as U. Let 
Si,... ,Sd be the d-shift acting on H 2 . We have seen that 

77' _ 1 C C* C C* 

fr() — ±H 2 — OiD 1 ~ • • • — DdO d . 


Since the canonical operators of F = H 2 ® G are S\ <g> 1 G ,... ,Sd<8> 1 g, w e have 

d 

E 0 ® 1 g = 1 f - ® 1 c)(Sk < 8 > 1 g )*- 

k=1 


Since U £ hom (F,I) we find that for 7j,..., T t j the canonical operators of I we 
have U(Sk <S> 1 G ) = Ti z U. and thus 

U(E 0 ® l G )t/* = t/t/* - T\UU*Tl - T d UU*T% 

= lj- Tl T*-...T d T*=A 2 , 


as required. 


Corollary 1. Any two metric bases for a graded ideal I C C[^i,..., z,j] are equiv¬ 
alent. 

proof. This is an immediate consequence of Proposition 8.13 and Lemma 8.12. | 


Corollary 2. Let = {<f\, <j> 2 , ■ ■ ■ } be a metric basis for a graded ideal I C A, and 
let M = I be its associated closed submodule of H 2 . Then <J> is an inner sequence 
for M satisfying (8.1) and (8.2). 

proof. The minimal dilation 


H 2 <8) G —> M —> 0 
u 

exhibited in the proof of Proposition 8.13 shows that the sequence satisfies (8.1) 
and (8.2), and Theorem E implies that $ is an inner sequence. I 


The following result implies that metric bases are almost always infinite. 
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Theorem F. Let I be a proper graded ideal in A having a finite metric basis. Then 
I is of finite codimension in A and the canonical generators z\,... ,z d of A are all 
nilpotent modulo I. 

proof. Let , <p n } be a metric basis for I and let s(z) = \4>\{z)\ 2 + ••• + 

\4> n (z)\ 2 . By Theorem E, s(z) = 1 almost everywhere on the sphere dB d and since 
s is continuous it must be identically 1 on dB d . Thus the variety V = {z € C d : 
4>\(z) = ■■■ = 4> n {z ) = 0} of common zeros does not intersect the unit sphere. 
V cannot be empty since I is proper. Since V is a nonempty set invariant under 
multiplication by nonzero scalars which misses the unit sphere, it must consist of 
just the single point (0, 0 ,..., 0). 

By Hilbert’s Nullstellensatz there is an integer p > 1 such that z \,..., z d € I [14], 
Theorem 1.6. Since the H-module A/I has a cyclic vector 1 + I and its canonical 
operators are nilpotent, it follows that A/I is finite dimensional. I 


Corollary. Let M fi {0} be a closed graded submodule of H 2 such that H 2 /M is 
infinite dimensional. Then M is an infinite rank Hilbert A-module. 

proof. Contrapositively, assume that rank M < oo and let 

A = (l m-T.T/ - T d T* d f / 2 

where T^f = Zk ■ /, / € M. A is a positive finite rank operator which commutes 
with the gauge group of M. Thus the metric basis for the ideal I = M n A 
exhibited in (8.6) must be a finite set, and Theorem F implies that A/I is finite 
dimensional. Since A is dense in H 2 , the natural map of A/I into H 2 // = H 2 /M 
must have dense range and thus H 2 /M is finite dimensional, contradicting the 
hypothesis on M. I 


9. Examples. 

In this section we give examples of pure rank-one Hilbert modules illustrating 
(1) the failure of Theorem B for ungraded modules, and (2) the computation of the 
degree in cases where the Euler characteristic vanishes. We also give examples of 
pure rank-two graded Hilbert modules illustrating (3) the computation of nonzero 
values of K(H) = x(H). 

We begin with a discussion of the limits of Theorem B by presenting a class of 
examples for which K{H) y(iL) (Proposition 9.2); a concrete example of such 
a Hilbert H-module is given in Example 9.3. We then describe a natural method 
for associating a graded Hilbert H-module with an algebraic variety in complex 
projective space, and we show that for some varieties one can calculate all numerical 
invariants of their associated Hilbert modules. 

Remark 9.1. We will make use of the fact that if K\ and K 2 are two closed sub- 
modules of the free Hilbert module H 2 for which H 2 /K\ is isomorphic to H 2 /K 2 , 
then K\ = K- 2 - In particular, no nontrivial quotient of H 2 of the form H 2 /K with 
K {0} can be a free Hilbert H-module. 

Indeed, this is part of Corollary 2 of [1, Theorem 8.5]. One can also deduce 
it from the material summarized in section 1 as follows. Let Uj be the natural 
projection of H 2 onto H 2 /Kj, j = 1,2. Then both diagrams 
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define minimal dilations. Applying Theorem 1.11, we see that any unitary isomor¬ 
phism W : H 2 /K\ —> H 2 /K 2 of Hilbert A-modules gives rise to a unique unitary 
operator W in the commutant of C*(H 2 ) such that the diagram 


H 2 

w 
H 2 


u i 


H 2 /^ 


w 


U 2 


H 2 /K 2 


commutes. Since C*(H 2 ) is the (irreducible) Toeplitz C*-algebra [1, Theorem 5.7], 
W must be a scalar multiple of the identity operator, and the assertion follows from 
the fact that WK\ = K 2 . 

Proposition 9.2. Let K / {0} be a closed submodule of H 2 which contains no 
nonzero polynomials, and consider the pure rank-one module H = H 2 /K. Then 


0 < K(H) < X (H) = 1. 


proof. We show first that y(iL) = 1 by proving that the algebraic submodule Mh 
of H is free. Let U £ hom(iL 2 , H ) be the natural projection onto H = H 2 /K. The 
kernel of U is K, and U maps the dense linear subspace A C H 2 of polynomials 
onto Mh, U(A ) = Mh- Since A fl K = {0}, the restriction of U to A gives an 
isomorphism of A-modules A = Mh, and hence %(iL) = x{A) = 1. 

On the other hand, if K(H ) were to equal 1 = rank(iL) then by the extremal 
property (4.13) H would be isomorphic to the free Hilbert module H 2 of rank-one, 
which is impossible because of Remark 9.1. I 


Problem. We do not know if the curvature invariant K(H) of a pure finite rank 
Hilbert A-module is always an integer. Theorem B implies that this is the case 
for graded Hilbert modules, but Proposition 9.2 shows that Theorem B does not 
always apply. In particular, it is not known if K(H ) = 0 for the ungraded Hilbert 
modules H of Prop. 9.2. In such cases, the equation K(H ) = 0 is equivalent to the 
existence of an “inner sequence” for the invariant subspace K (see Theorem 4.16). 

Example 9.3. It is easy to give concrete examples of submodules K of H 2 sat¬ 
isfying the hypothesis of Proposition 9.2. Consider, for example, the graph of the 
exponential function G = {(z,e z ) : z € C} C C 2 . Take d = 2, let H 2 = H 2 ( C 2 ), 
and let I\ be the submodule of all functions in H 2 which vanish on the intersection 
of G with the unit ball 


K = {feH 2 :f\ GnBd =0}. 


Since / £ H 2 i—> f(z) = (/, u z ) is a bounded linear functional for every z £ Bd 
it follows that K is closed, and it is clear that K / {0} (the function f{z\,z 2 ) = 
e Zl — z 2 belongs to H 2 and vanishes on Gfl Bd). After noting that the open unit 
disk about z = —1/2 maps into G n Bd, 


{(z,e z ) : \z + 1/2| < 1} C GnB d 
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an elementary argument (which we omit) establishes the obvious fact that no 
nonzero polynomial can vanish on G Cl B d - 

An algebraic set in complex projective space P‘ i_1 can be described as the set of 
common zeros of a finite set of homogeneous polynomials /i,..., f n G C[zi,..., Zd\, 

(9.4) V = {z G C d : h(z) = • • • = f n (z ) = 0} 

[14], pp 39-40. One can associate with V a graded rank-one Hilbert A-module in 
the following way. Let My be the submodule of H 2 = H 2 (C d ) defined by 


M v = {/ G H 2 : f \ VnBd = 0}. 

As in example 9.3, My is a closed submodule of H 2 , and because XV C V for 
complex scalars A, My is invariant under the action of the gauge group of H 2 and 
hence it is a graded submodule of H 2 . Thus, H = H 2 /My is a graded, pure, 
rank-one Hilbert A-module. 

We will show how to explicitly compute H 2 /My and its numerical invariants in 
certain cases, using operator-theoretic methods. The simplest member of this class 
of examples is the variety V defined by the range of the quadratic polynomial 

F : (x,y) G C 2 i—> (x 2 ,y 2 ,V2xy) G C 3 , 


that is, 

V = {(x 2 ,y 2 , V2 xy) : x, y G C} C C 3 . 

However, one finds more interesting behavior in the higher dimensional example 

(9.5) V = {(x 2 ,y 2 ,z 2 ,V2xy,V2xz,V2yz) : x,y,z G C} C C 6 , 

and we will discuss the example (9.5) in some detail. We describe a more general 
context for these examples in Remark 9.12. 

Notice first that V can be described in the form (9.4) as the set 

(9.6) V = {z £ C 6 : fi(z) = f 2 (z) = f 3 (z) = f 4 (z) = 0} 

of common zeros of the four homogeneous polynomials fk : C 6 —> C, 

fi(z) = z 2 a - 2 z x z 2 = 0 
f 2 (z) = z\ - 2 zxz 3 = 0 
h{z) = z\- 2z 2 z 3 = 0 
f 4 (z) = z A z 5 z 6 - 2 3/2 z 1 z 2 z 3 = 0. 

The equivalence of (9.5) and (9.6) is an elementary computation which we omit. 
Note, however, that the fourth equation / 4 (z) = 0 is necessary in order to exclude 
points such as z = (1,1,1, — \/2, y/2, \/2), which satisfy the first three equations 
fi(z) = f 2 (z) = f 3 (z) = 0 but which do not belong to V. Note too that fi,f 2 ,f 3 
are quadratic but that f 4 is cubic. 

We will describe the Hilbert module H = H 2 (C 6 )/Aly by identifying its as¬ 
sociated 6-contraction (Tf,_ f T 6 ). These operators act on the even subspace 
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H of H 2 ( C 3 ), defined as the closed linear span of all homogeneous polynomials 
f(z\,Z 2 ,zs) of even degree 2 n, n = 0,1,2,.... Let Si, S 2 ,S 3 G B(H 2 ( C 3 )) be the 
3-shift. The even subspace H is not invariant under the Sk, but it is invariant 
under any product of two of these operators SjSj, 1 < i, j < 3. Thus we can define 
a 6-tuple of operators Tf,... ,T 6 G B(H) by 

(9.7) (Ti,..., T 6 ) = (5 2 \ H , S 2 \ h , S§ \ h , V2 SiS 2 \h, V2SiS 3 \ h , V2S 2 S 3 \ h ). 

(Tj, ..., Tq ) is a 6-contraction because 

6 3 

E T * T * = E s l s J (p H )s*s* < i H , 

k=1 i,j=l 

and in fact H becomes a pure Hilbert C[zi,, zgj-module. 

If / is a sum of homogeneous polynomials of even degrees then 

T(e ie )f(z 1 ,z 2 ,z 3 ) = f{e w / 2 zi,e w / 2 Z 2 ,e l0 / 2 z 3 ) 

gives a well-defined unitary action of the circle group on the subspace H C H 2 { C 3 ), 
and H becomes a graded Hilbert module. 

Proposition 9.8. H is a rank-one graded Hilbert C[zi,..., Ze]-module which is 
isomorphic to H 2 (C°)/Mv■ The invariants of H are given by K(H ) = y(77) = 0, 
deg(iL) = 4, n(H) = 4. 

proof. Let 4>(A) = T\ATf + • • • + TqATq be the canonical completely positive map 
of B(H) and, considering H as a subspace of H 2 { C 3 ), let a : B(H 2 ) —> B(H 2 ) be 
the map associated with the 3-shift 

<t(b) = s^si + s 2 bs 2 * + s 3 bs;. 

(f and (T are related in the following simple way: for every A G B(H) we have 

6 3 

(9.9) cf(A) = E T k AT* k = E SiSjAP H S*S* = a 2 (AP H ). 

k=1 i,j=l 

If E n G B(H 2 ) denotes the projection onto the subspace of homogeneous polyno¬ 
mials of degree n, then 


4>{4 h) — Cr 2 (E ^ 2 n) — E -® 2 n+ 2 - 

n =0 n =0 

It follows that 

A 2 = 1h — 4>(4 h) = Eq 

is the one-dimensional projection onto the space of constants. Since 

oo oo 

r(i H ) = a 2n CY E ^ = Y E *p 

p= 0 p=n 
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obviously decreases to 0 as n —> oo, we conclude that H is a pure Hilbert module 
of rank one. 

Hence the minimal dilation of H 


H 2 ( C 6 ) —> H —► 0 
U 0 

is given by 

U 0 (f) = f-Al = f(T 1 ,..,,T 6 )Al. 

If we evaluate this expression at a point z = (zi,z 2 ,z 3 ) G B 3 we find that 
U 0 {f){zi,z 2 ,z 3 ) = f(zj,z%,zl,V2z 1 z 2 ,V2ziz 3 , \Z2z 2 z 3 ). 


The argument on the right is a point in the ball Bq, and thus the preceding formula 
extends immediately to all / G H 2 ( C 6 ). Notice too that Uq is a graded morphism 
in that t/oT 0 (A) = T(X)Uo, A G T, where T 0 is the gauge group of H 2 ( C 6 ). The 
precding formula shows that the kernel of Uq is My, and thus we conclude that H 
is isomorphic to H 2 (C 6 )/My, as asserted in Proposition 9.8. 

It remains to calculate the power series (f>(t) of Proposition 7.5 which determines 
the numerical invariants of H. Since 1 h — is the projection 

l H -r + 1 (lH) = E 0 + E 2 + --- + E 2n , 


it follows that 

OO 

(j){t) = dim(Eu + E2 + • • • + E2 n )t n , 

n =0 

and therefore 


(9.10) (1 - t)(j>(t) = ^ dim E 2 n t n . 

n =0 


Setting 


we find that for 0 < t < 1 

OO 

y dim E 2 n t n 

n =0 


a(t) = dim E p t p , 

p =0 


00 00 

1 /2 (y^ dim E p (Vt) p + y^ dim E p (—\^t,) p ) 

p =0 p=0 


1/2 (a(Vt) + 


and hence from (9.10) we have 

(9-ii) m = yyy, o<«<i. 

The dimensions dim E p were computed in [1, Appendix A], where it was shown 
that dim Tip = q 2 (p ), q 2 {x) being the polynomial defined by (3.3). Thus 

Ht) =yq 2 {n)t n = 
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and finally (9.11) becomes 




(i - Vt)~ 3 + (i + Vt)~ 3 

2(1 - t) 


(i + Vt,) 3 + {i - Vt,) 3 

2(1 — t) 4 


1 + 3 1 


The right side of the last equation can be rewritten 


0(f) 


-3 ( 4 

(1-f) 3 + (1-t) 4 ’ 


hence the coefficients (co, ci,..., c$) of (7.1) are given by (0,0, 0, —3,4, 0,0). One 
now reads off the numerical invariants listed in Proposition 9.8. I 


Remark 9.12. One can easily write down a class of related examples (all having 
Euler characteristic zero) by considering powers a N : B{H 2 {C d )) —> t3(H 2 (C d )) 
of the completely positive map cr(B) = S\BSl + • • • + SdBS£ of the d-shift for 
arbitrary powers N > 2 and in arbitrary dimensions d. The example (9.5) we have 
discussed is associated with the values N = 2 and d = 3. To explain this briefly, 
notice that if one expands the expression for a 2 in dimension d = 3 into a sum of 
the form 

6 

a 2 (B) = ]T T k BT* k , B € B(H 2 ( C 3 )), 

k =1 

then one finds that one set of candidates for the 6 operators T),..., T 6 is given by 
(9.13) S 2 , Si Si V2 5^2, V^SiSs, y/2.S 2 S 3 . 

These operators are the most natural ones, but of course one can replace them with 
certain linear combinations to obtain other 6-tuples which also serve to represent 
<7 2 ; any two such 6-tuples must be related by a complex unitary 6x6 matrix as in 
(8.9). 

Once one settles on a 6-tuple such as (9.13), one finds that while it certainly 
defines a 6-contraction, it is not an irreducible 6-contraction because each of the 
operators T),... ,T 6 leaves both the even subspace and its orthogonal complement 
(the odd subspace) of H 2 ( C 3 ) invariant. The example leading to (9.5) was obtained 
by restricting the 6-tuple (9.13) to the irreducible even subspace. 

If one chooses other values for N and the dimension d, one finds that this method 
generates infinitely many higher dimensional examples for which one can, in prin¬ 
ciple, explicitly calculate deg(i7) and ^(H). 

Finally, we compute nontrivial values of the curvature invariant K(H) for certain 
examples of pure rank-two graded Hilbert modules H. Let 0 be a homogeneous 
polynomial of degree N = 1, 2, ... in A = C[+i,..., zj\ and let M be the graph of 
its associated multiplication operator 

M = {(/,</>• f):feH 2 }CH 2 ®H 2 . 

M is a closed submodule of the free Hilbert module F = H 2 0 H 2 , and H = F/M 
is a pure Hilbert module of rank 2 whose minimal dilation 


(9.14) 


F 


u 


H 


0 
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is given by the natural projection U of F onto H = F/M. 

We make H into a graded Hilbert module as follows. Let L be the gauge group 
defined on F = FI 2 0 H 2 by 

L(A)(/,<?) = (T 0 (\)f,\- N T 0 (\)g), f,g£ H 2 , 

where T 0 is the natural gauge group of H 2 defined by 

Fo(A )f(zi,.. .,z d ) = f(Az 1; ..., A z d ). 

One verifies that T(X)M C M, A G T. Thus the action of T can be promoted 
naturally to the quotient FI = F/M , and Ft becomes a graded rank-two pure 
Hilbert module whose gauge group has spectrum {— N, —N+l,.. (9.14) becomes 
a graded dilation in that J7T(A) = T(A )U for all A G T. 

Proposition 9.15. For these examples we have K(H ) = x(H) = 1. 

proof. By Theorem B, K(H) = x(H), and it suffices to show that x(H) = 1. 

Let H n = {£ G H : T(A)^ = A n £}, n G Z, be the spectral subspaces of FI. It is 
clear that H n = {0} if n < —N, and (9.14) implies that the algebraic submodule 
Mh is given by M# = U(A 0 A). Hence Mh is the (algebraic) sum 

OO 

m h = y, h -- 


Consider the proper filtration M\ C M 2 C ... of Mh defined by 

M k = J2 H n, k = 1 , 2 ,.... 

n</c 


By the Corollary of Proposition 3.10 we have 

(9.16) x(M H ) = d\ lim dl ™ Mfc , 

Av —i OO Iv 

and thus we have to calculate the dimensions 

(9.17) dirnMfc = dim(^ H n ) = dim H ~N + • • • + dim 0 dim H k 

n<.k 

for k = 1, 2,..., 

In order to calculate the dimension of H n it is easier to realize H as the orthogonal 
complement M 2 - C F. with canonical operators ,.... T ( j given by compressing 
the natural operators of F = H 2 0 H 2 to M 2 -. Since A I is the graph of the 
multiplication operator M^f = (j) ■ f, f G H 2 , M 2 - is given by 

M ± = {(-M; g ,g) : g e H 2 }. 


We compute 


H n = (M ± ) n = {£ G M 2 - : T(A)C = A"£, A G T}. 
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Since r 0 (A)M < ;r 0 (A)- 1 = (ro(A)M^ro(A)- 1 )* = (X N M (j) )* = A ~ n M%, we have 

r(A )(-M; g ,g) = (-T 0 (\)M; g ,\- N r 0 (\)g) = (-\- N M;r 0 (\)g,\- N r 0 (\)g), 

thus r(A )(-M*g,g) = X n (~M*g ig ) iff r 0 (A) 5 = A n+N g, X G T. For n < -N there 
are no nonzero solutions of this equation, and for n > —N the condition is satisfied 
iff g is a homogeneous polynomial of degree n + N. 

We conclude that dim H n = 0 if n < —N and dim H n = dim A n+ n = qd -1 (n+ N) 
if n > —N. Thus for k > —N we see from (9.17) that 

k k 

dim M k = ^2 H n = ^2 Qd-i(n + N). 

n=—N n=—N 


The identity qd- i(x) = qd{x) — qd(x — 1) of (3.2.2) implies that the right side of 
the preceding formula telescopes to qd{k + N) — qd{— 1) = qd{k + N). Thus (9.16) 
implies that 


X( H ) = x( m h) = d\ lim 

k —>oc 


q d (k + N) 
k d 


= lim 

k —»OC 


(k + N+l)...(k + N + d) 

i? 


= 1 , 


as asserted. 
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